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Summary. — We start from the new idea that isotopic spin space is 
invariant under the group of three dimensional complex conjugate rota- 
tions and justify this assumption on the basis of a classical model of 
extended particles described by relativistic rotators. We then express 
in terms of Euler parameters (a relativistic generalization of real three 
dimensional Euler angles) the infinitesimal operators of the Lie algebra 
associated with this group and obtain, in the general space of the corre- 
sponding eigenfunctions, finite dimensional sub-spaces associated with 
irreducible representations of the complex rotation group. In each sub- 
space one then readily defines a set of «isotopic » or «internal state 
vectors » corresponding to different types of elementary particles so that 
each particle family is connected with an irreducible representation of 
this group. In this scheme isotopic strangeness and fermionic numbers 
correspond to certain infinitesimal rotation operators and one justifies 
(with new qualitative aspects) the empirical Nishijima-Gell-Mann clas- 
sification of elementary particles. 


Introduction. 
During the last period many types of isotopic spin spaces have been pro- 


posed (*) all starting from two basic ideas: 


(1) See the paper by D’ESPAGNAT and PRENTKI in Progress in Elementary Particle 


and Cosmic Ray Physics, vol. 4 (Amsterdam, 1958). 


14 - Il Nuovo Cimento. 
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a) Elementary particles can be described by 6-functions in a Min- 
kowski space; 


b) The new degrees of freedom, which eventually correspond to the ten 
quantum numbers (iso-spin, strangeness ...) are necessarily associated to motions 
in an abstract isotopic spin-space different from physical space-time. 


It was then successively assumed to have: 


— three dimensions, Euclidean metric and to be invariant under the group 
of real three-dimensional rotations; 


— four dimensions with Euclidean metric and to be invariant under the 
group of real four-dimensional rotations ; 


— four dimensions with Lorentz metric and to be invariant under the 
Lorentz group. 


In this paper, our starting point will be different: we think that elementary 
particles have an internal structure and we intend to explain isotopic spin, 
strangeness, baryonic numbers and ordinary spin by certain movements of 
this structure in ordinary space-time. 

But before we start, we want to emphasize the fact that the results obtained 
here would also come true if one directly postulated an abstract isotopic spin, 
invariant under the three-dimensional complex rotation group. This could 
be justified by the consideration of the isomorphism between this group and 
the Lorentz one (*). 

Analysing with Professor Bonw (?) the structure of classical extended 
particles in space-time, we were led to compare them with hyperspherical 
relativistic rotators. Such a model implies that, after quantization (*), the 
new degree of freedom correspond to certain symmetry properties of internal 
waves associated with this structure. This leads to the introduction of a new 
type of isotopic spin space which turns out to be a manifold invariant under 
the group of three-dimensional complex rotations. Starting from this new 


qualitative step and following complex usual quantization procedure we are 
naturally led to: 


— describe these complex rotations and the corresponding infinitesimal 
operators in terms of suitable parameters which turn out to be the general- 


| (*) Note added in proof. - Now we have shown that the two groups were only locally 
isomorphic and that the representations of R* are pseudo-unitary because of the 
introduction of two types of complex units à and Te 


(2) D. Boum, P. Hirion, T. Taxapayasr and J.-P. VIGIER: Relativistic rotator 
and bilocal theory, Progr. Theor. Phys., 23, 496 (1960). 


() D. Boum, P. HILLION and J.-P. Vicrer: Internal quantum states of the hyper- 
spherical relativistic rotator, to be published in Progr. Theor. Phys. 
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ization to space-time of the usual Euler angles. This will be developped in 
Section 1; 


— study the corresponding eigenfunctions located in a Hilbert space 
invariant under this group. We utilize the fact that this space splits 
into sub-spaces which correspond to irreducible representations of the group 
and define «isotopic vectors » or «internal state vectors » which we propose to 
associate with elementary particles. This will be done in Section 2. 


In Section 3, finally, we shall introduce infinitesimal rotation operators 
in these sub-spaces which when applied to the preceding « internal state vectors » 
yield eigenvalues which correspond to the isotopic spin, strangeness and Fer- 
mionic number of the Nishijima-Gell-Mann classification of elementary par- 
ticles. 

We wish to point out that this article only gives a summary of a longer 
paper which will be published later in the Annals of the Institut Henri Poincaré. 


1. — New isotopie spin space. 


As we said, previous works led us to take as a classical model of the internal 
structure of elementary particles the hyperspherical rotator (?) which can be 
described with an internal tetrad at (u, È, > 1, 2, 3, 4) with another tetrad bè, 
rotating around it. Tetrads are constituted by four unitary, orthogonal quadri- 
vectors, one, respectively a? and db” is a time-like vector, the three others 
being space-like vectors. Besides this rotator has the property that its inertial 
moment I is a constant. 

As for the three-dimensional spherical rotator, whose movement is given 
more simply by the introduction of the Euler angles 9, 0, y, the descriptions 
of the bi rotations around a, will be made easier by the generalization of Euler 
parameters to space-time. 

We have shown elsewhere (*), starting from the mathematical work of 
C. VAN WINTER (*) that the pseudo-angles: 


or = {Pi + igs, O1 + 102, Wit ip} - == 
(1) | , ‘= ee 
Ta =A ipo, O1 — 10, Vi — ivo} 


where 9, 01, y, are the ordinary space Euler angles, ig,, i0,, iy, being the 
hyperbolic angles (varying from — co to + oo) and describing Lorentz trans- 
forms are really the generalization of Euler angles to space-time. 


(4) F. Hatpwacus, P. HrLLion and J.-P. VIGIER: Ann. Inst. Poincaré, 16, 115 (1959). 
(5) C. VAN WINTER: Thésis (Groningen, 1957). 
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Then we have: 


(2) be = = À (Ory 07 Ja? 


where A°(0*, o7) are just the table of directing cosines of b; expressed in 
terms of this relativistic Euler angles. 

Then, from a suggestion of EINSTEIN and MAYER ($), if we introduce self- 
dual bivectors: 

es BPS Tht Tht 
| Br = bibi bibi +e, bibi 


(3) 
est at — aha + En 44; k, r~wl, 2, 3, 


a transformation which brings af over bi and defined by qu, 01, Yr, 1P2, 2, dp. 
also transforms 47% into B7° and Abe Fatt B'_ according to the expressions 


| Da RA (ae Aa r,s~A1, 2, 3, 
(4) 

| BEAT, k~1, 2, 3, 
with: 


yt —- DE 22 TERE IE = A = 

(0) = {0, gt, ys, OE 

where A’ (©) are just elements (but with complex angles) of the table of real 
three dimensional vectors b7 expressed in real Euler angles describing a three 
dimensional rotation: 


b, = A (0)4, pis, 205 
o = {0, y, DI k~1, 2, 3. 


b and ay being two trirectangle systems describing a spherical rotator. 

From this we conclude that the relative motion of two tetrads ar, and bi 
can be treated with the help or the one hand of 477, By and @7 and Aj, Bi} © 
on the other hand. 

Now if we introduce as Lagrangian describing the «internal» motion the 
Nakano term: 


(5) L= alb, bi, ay PAU b, vie Ô ny) ? 
we can express it in terms of B'* and obtain 
(6) L= Di Bi me Libia ag do = va 94) ’ 


which shows that the hyperspherical Lagrangian splits into the sum of two 
spherical complex cenjugate rigid three dimensional rotators. 


(9) A. Ernstern and W. MAYER: Site. Ber., 522 (Berlin, 1932). 
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If we now introduce the preceding relativistic Euler angles we get: 


(7a) L= EL 
with 
(7b) L+=I(o* + p* + 6* + 29 pt cos 0*) . 


From this expression of L one deduces immediately the corresponding values 
of the momenta P+ = 0L/0w* associated with the relativistic Euler angles w=. 

With the help of these values we calculate the relativistic Hamiltonian and 
obtain immediately: 


(8) HT hae 


with 
1 2 


1 
Li Ppt +4 an (p= + pyt + 2pg*p,y* cos 8*)| . 


Naturally one also obtains (2?) the values of the projection of the rotator’s 
angular momentum one the bivectors A7* and B= which we denote by S# 
and Sees These projections are explicit functions of the P,+$s and w+. 

The quantization (*) is performed as usual by substituting to P,+ the ope- 
rators —jh(0/ew=) with 72=—1. 

The relativistic Hamiltonian which can be written: 


ae ere 
H = 57 (SE Sr +. Sir) ; 


(9) 
yl te Ql+ be N 
= oy (Se 85 ste Se dis 


as well as S# and S7° become operators (*) and our problem is to study the 
wave fields associated to the Lie algebra of the complex rotation group. 
We note immediately (5) that the operators JE and J* can be formally 
obtained from the infinitesimal operators of the real three dimensional rotators 
group by substituting our complex angles to the classical Euler angles. 
These operators satisfy the structure relations of the infinitesimal group 


(10a) (JF, cal cani hen Je ’ 
(10) LT, JE] a Oe heat ; 
ae. dona 
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and the commutation relations: 


(11) JE JE SUE 
(Jt, J'J+]=[Jidi,J]=0 evidently [J*J;,dJ51=[J,d;, JE 07 
Wir, 31=Ip,Jy]=0. 


These last relations can be written: 
(12) [Ay i Ro EC: 


so that Ji, J;, J,°, J, are constant of the motion. 
Now, to define functional space associated with these operators we look 
for eigenfunctions of six operators: 


Bf Cebit ibn E Ve 


That is possible because of the preceding relations. We call these eigen- 
functions: 


+ = 14 pa 
Ure (IV 
where /*, [7 take integer or half-integer values independently and 


pri E TE SII + + 
mr, mt=—T]", LE TL er bps ea aes 


mo, Mot, EL, HET, (0. 
. +, mu, m'+, m'- : 

The functions UF" #7" (@*, w-) belong to Z(I*, 17) representation of Rj. 
But as we have associated in our theory the parity to an operator in the 
automorphism group of R;, it would be interesting to obtain vectorial spaces 
invariant under this operation. To reach this aim, let us introduce operators 

Me pera Tp 2 Lal 5 û nr 
S,— JR +J, and (8)°= 8,5, and look for simultaneous eigenfunctions of: 
US +\2 - = u 
TOI 


GAI 
with eigenvalues m-, EMT ET), a=, C(t +1), m', s'(s +1). 

New eigenfunctions are obtained with the help of U7 neo 7) 
and Clebsch-Gordan parameters: i 


(13) Zi n ea > (4,0, 8", —m’ |, 4, ME 


mt, —m'— 


m', A Le a 1— as 
LIE a m m (w+, w DE 
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where: (I*, 17, 8, —m'|I*, 7, —m'+, —m') are Clebsch-Gordan parameters with 
Sa (er), (4-1), .., [PT |, 
m=— 3g", —s +1, 


For s' and m' fixed, we obtain basie vectors transforming under (+, 17) 
and ZI, I+) representations of the complex rotation group. In the following 


| we only use these basis vectors. 


+ _ 1 . . . 
Each 77°, 2" (0*, wo) is a solution of the equation 


(14) HP, 
where 
Hol ta) 
and 
(15) w= 5 (H+) HT +e. 


To conclude this paragraph, we point out that we have now to develop a 
new wave mechanics or internal wave mechanics characterized by its invariance 
under a three-dimensional complex rotation group (*). We will just mention the 
most important results, the complete theory being developed elsewhere. 


2. — Internal quantum state vectors. 


2°1. Introductory remarks. — Before giving results concerning this internal 
wave mechanics (the details and calculs are to be published elsewhere), let us 
recall certain properties of Z"*,” "(©t, 07) functions. We used to define 


It, 1, 8 
them Umm" (wt, w-) functions but (°°): 
(16) a), 
| with 


Vier" (ot) = OF" (6+) exp [j(m*gt + m'ty*] 


mt. m't) à: Ta 0° mim : 6+ sia der 
à va (sin 5) (cos =) d (sin? (6+/2))*-"* 


+ t-m'+ A+ H+ m'+ 
su cost] È 


Of course there is an analogous formula for YT*" (07). 


(*) Whenever we speak hereafter of RŸ group, we mean the group with the auto- 
morphism P. 
(7) P. Hinton and J.-P. Vicrer: Ann. Inst. Poincaré, 16, 161 (1959). 
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È dmn MU > e fe 
Under the C.T.P. operations (*), 2%," ;,”(@*, 07) transform according to 


the relations (*): 


= Lea INI mt, MT. r È sat 
Pe Gi do du CU) Ne crane 
= Tora pe ars, pi = 
(17) T Ze Se Ore Cay Lat ieee i (COND), 
CO Gi To Coa) a) Gi eel ay Oia) 


where 


d =|m'— m+— m-| 


a=U4+0r+d—s' 


so that, if we associate an internal state vector with s’, m’, values to a par- 
ticle, then internal state vector with s’, — m/, values have to be associated 
to the corresponding antiparticles. 

According to our program, we are now in a position to introduce «internal 
state vectors». Three conditions appear immediately. 


mt, m-, m' 


a) Such vectors must evidently be built with Z7 2.” (0*, ©7) functions 
belonging to the some irreducible representation according to the last remark 
of the preceding paragraph. Let us denote these internal state vectors by 2. 


b) We immediately see that the equation: 
HOW DI 


where H is given in (14), is separable, so that ® satisfies simultaneously the 
two equations: 


(13) 


with 


c) «Internal state vectors» have a tensorial or spinorial character ac- 
cording to the integer or half-integer value of the sum LT, these two quantum 
numbers giving the dimensions of the irreducible representation. 

() We recall that here just as P is 
lutions in the automorphism group. 
two involutions is an automorphism. 

(8) P. Hrcrion and J.-P. Vierer: Ann. Inst. Poincaré, 16, 217 (1959). 


an automorphism of Ri, © and 7 are invo- 
The C.T.P. theorem expresses that a product of 
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To obtain «internal state vectors » we shall find a fortunate help in the 


following circumstances: 


a) First we limit ourselves to the lower grade representations: 
For I+ +17 integer, to 2(4, 3), Z(1, 0) and Z(0, 1). 
For I+ +17 half-integer to 2(3, 0), FO, 4), Z(4, 1) and 2(1, 3). 


b) Secondly, the isomorphism between Lorentz group and complex ro- 
tation group (°), allows to forecast the form of these «internal state vectors ». 
For instance we get four-vectors for Z(4, 3), and self-dual antisymmetric ten- 
sors for 

(1, 0) and 2(0, 1), ..., ete. 


c) Besides, the dimensions d, of the representation matrix D D (w+, ©) 
are well-known (1°) and internal state vectors are, for basic vectors, the ele- 
ments of any row in this matrix so that with each row a vectorial space is 
constructed with dimensions d, in which are defined d, independent vectors. 


We recall the following results: 


representation dy 
25, 3) 4 
(1,0) and 2(0,1) 3 
24,0) and 2(0,3) 2 
23,1) and 2(1,3) 


a . seo == . 4 
As each row of the matrix 27° (wt, 07) is fixed with help of two numbers 
s', m', we have just to determine their values with 


Seer. (eat), (Rar, 


Wie eee SRE est |S 


In the following we only consider the internal state vectors corresponding 
to the lesser value s’=|[+—I-|. This restriction can be easily justified by 
considering the spin but we shall not study this question here because it is 
then necessary to introduce Lagrangian formalism and that is now beyond 
our program. We shall prove elsewhere that this hypothesis is consistent with 
the usual spin of elementary particles. Let us note that for Z(1, 0) and Z(0, 1) 
representations, s’ takes the only value 1, so that m' has three values 1, —1, 0. 
We also keep m'— 0 for spin considerations. 


(9) E. Cartan: Deçon sur la théorie des spineurs (Paris). 
(10) See for instance E. M. Corson: Introduction to tensors, spinors and relativistic 


wave equations (New York). 
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2°2. Representations with 1++! integer. — Let us begin with 2(4, 4) re- 
presentation and s'= 0. 

After the preceding considerations we can associate four states corres- 
ponding to four independent fourvectors. 

These vectors will be denoted 4°, A%?, Al? and A. Their exact form can 
be found in the enclosed table of internal state vectors. 

Each of these vectors satisfy the system: 


(20) 


Let us consider now the Z(1, 0) and 2(0, 1) representations, with m'= 0. 
As we noted before, here internal state vectors are antisymmetric self-dual - 
tensors: 


F associated with (1, 0), 


. 


F;, associated with 2(0,1). 


tj 


We can replace these tensors by pseudo-vectors A; and A;. 


ASSI MR SR 


aj? 


where i, j, k, is a circular permutation of 1, 2, 3. 
There are three A; vectors and three A, vectors; we label them A7* and A7° 
ab 8203: 


They respectively satisfy the equations: 


(Ji Ji — Av =0, 
(21) oy | | x? = 2h. 
(J dy) ae et 
The exact form of A}* is given in the table. One passes from AM* to AM 


by application of the operation P defined by (17). 


__ 2°3. Representations with 1+-+17 half-integer. - With the Z(4, 0) and 2(0, 4) 
perros en iaLiOts, s’ takes the unique value 4 (so that m'= +4), we can asso- 
Lee four two-component spinors to (4, 0) and four other two-component 
spinors to 2(0, 3), which we shall consider as our internal state vectors, that is: 


: = ah Sere 

representation (1, 0) Ma g* and 9, 
! 3 

= cy andy, 
. RS, ; ; 
representation 2(0, 4) = gy; and 9 
[A . 
mi y. and y* 


Here rs, inps 172% 
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Aah haa) fio fto 
02 — #-4-0Z — +07 t-0Z 
to, | $ | ifo a $to a ye dee di 
§-4-07 g-=nu\ £-$02 — #02 — peu \ $407 
on de Ve 0 = .@V TH 
(= el (Ri, sr IZ) iS be (REZ Me A AN = ps 
4 7 (901, ii we I (tot aor a = 
Os + oor -Z 0012 È x +) oor -Z 0014 ve +p 
Sg 1G ti 12 1G a v 0 FF 077 1G ah v 
GHZ +og- Dx we i = tp (GHZ da Ag ) 7 — = @V (oit Ve iz) n so Qu Ze 05-42) n = DV 
% à 4 hi 4 Pi. aS 6 & AS 4 ott a € 
(fy 5 tte zo M) RZ a) ri za Er 
‘8 H off) 6 _ sr 0%, ott sy 
igs 57) "i fia al (rave otti = Fee e” = pV Cuz 3h CELA LZ) ci nai it (e on) Du == mV 
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The exact form of @*, @,, y, y, is given in the table. One passes from 
2(0, 4) to 2(3, 0) by application of the P operation and permutation of the 
spinor components. 

These state vectors satisfy the relations: 


(26) osi deo ays =0, Ch 120; = 0. 
Same thing for y‘ and y,. 
(27) (gd Ma) 9 = 9, (0,S,-— X2)%, = 0. 


We get the same relations for y‘, and y, where 


Lean Sega De TO nee: 
mast 24 4° Rd 0 orne 


6, being the Pauli 2x 2 matrices. 

Now we come to the 2(4, 1) and 2(1, 1) representations, with s'=3. We 
can associate twelve independent internal state vectors with each of the two 
representations, six for each value of m’. 

It is almost evident that these state vectors must combine the properties 
of the self-dual antisymmetric tensors of the G(0, 1) representation with those 
of the two-component spinors associated with the (43, 0) representation. 
Besides we can prove that they satisfy the simultaneous system: 


| (6,0; — n)D=0, 
(28a) For 23,1) 

| (Jed ye) Dis 0) 

(J, J; — y?)D — 0 

(285) For 21,1) po i 

(oJ, 71) D 0) 

IO Rao 
m=zt|x°+%, ii == Dh, 


But as it is well-known, to the Gt, 1) and 2(1, 3) representations cor- 


respond third rank spinors which write in Van der Waerden’s terminology: 


Dil “fore Gade | 
Pt for 24,1). | 


bare 


er the problem is to find internal state vectors constructed with these 
third rank spinors and satisfying the preceding equations. In the Rarita- | 
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Schwinger formalism (1) one defines the quantities: 


But it is not difficult to see that they are not solutions of equations (28). 
We are thus led to use the following state vectors: 


nie 


r Je sz ui r D Leni rt 
A Porto AEE Palo a; Dir 


that is if i, j, k is a circular permutation of 1, 2, 3, 


De 

A= Lo ot | 

To RE LOTUS D 4 

st 

(29) | 
i 

sr Li 

B;, x = 20; Out di 


So that we get; 


where we label internal state vectors 47” and Bi with 


o D) AT I 
k,v@~1, 2,3, Up = AE pie 


Nn 


a) For the representation Z(5, 1) with m'= 


We find six internal state vectors which we shall denote 4j, 47, 4}, Ay}, 
A?-*, A37* with components formed by a production of self-dual skew tensor 
components and two component spinors. They are expressed in the table. 

As before we obtain the corresponding state vectors B?, By, * from Aj}, Ay? 
| by application of the P operation and permutation of the spinor components. 

To conclude this paragraph let us remark that one could generalize the pre- 
ceding procedure to any Zl", 7) and 917,14) representations but our model 
| evidently suggests that it our prospective identification of elementary particle 
structure with internal state vector is valid one must expect to find them in 
the «lowest internal states» developped in this section. Indeed, as we shall 
see in the next section the preceding representations furnish all known ele- 
mentary particles. As it will be seen later, only the photon does not. fit 


‘in this theory. 


(11) See for instance H. UMEZAWA: Quantum Field Theory (Amsterdam). 
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3. — Elementary particle classification. 


According to our program, we shall now study how the internal state 
vectors behave in the transformation defined by the operators J*, J;, S, which 
have been shown to be constants of motion. Applied to the functions 


grr.” (at, 0), these operators lead to the following results: 


ia. a SI, 
| SILE ERROR OO, 
dea , mt, mu, m' a 
(34) OCSE 
à M EU 
| Se TT A 


in a system of units where # is taken equal to 1. 

In the vectorial space of the internal wave functions we shall have to 
consider the operations I; J;, I;J;, S,, where I} and I; are the matrices of 
infinitesimal rotation about the third axis. 

We shall show that: 


1) these three operators respectively correspond to the isotopic spin, 
the strangeness and the Fermionic number (or, more exactly, for the two last 
ones, to one half of these quantities); 


2) their eigenvalues make it possible to establish a classification of the 
internal state vectors reproducing all the essential characteristics of the 
Nishijima-Gell-Mann scheme. 


Let us first write the table of the infinitesimal operators I; and I; asso- 
ciated to each representation: 


ISEE OO ZO) 
a — À 0 0 0 | er, 0 0 0 
COMPACT) à Ie ; 
SY Wy ye ee Bie yi.) 
EU D G OPE DIE MR) 
0 à 0 
(36a) 6) BA, 0): I;=|—t ome 
| 04 ac Omen 
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0 1 0 
(365) e) 2(0,1): IRR Oe A 0 
0 0 0 
(37) d) Dt, 0) One 20,3), I,="G3 
| 0 i 0 
i (Ea | 
e) 21,3) Le One ON, I; = 6, 
Milo oro: 
| 0 i 0 | 
(38) DEDE eda. I,=|—-i 0 di 
| 
OLO 


Now let us present the results in the following way: 

In the first column, we shall write the internal state vectors as they were 
given in the preceding section; in the three other columns, the eigenvalues of 
the operators If J;, 17 Jj, S, of the corresponding internal state vectors; in the 
fifth column, the value Q of the sum of the last three numbers. Finally, in the 
last column, we enter the particle, characterized, according to the Nishijima— 
Gell-Mann classification (1) by the four members in columns 2, 3, 4, 5. 

The computations leading to the table shown underneath are immediate 
and may be readily verified: 


a) Representation D4, à): 


State vector Lads Ils 8; Q Particle 
hee AD fe! i 0 a K- 
1% 4 | 1 0 | 1 Ki 
A 4 | 4 0 0 Ke 
A® ST si | 0 0 K° | 


It is exactly the Nishijima-Gell-Mann scheme for the K-mesons; we can 
very well see that K+ is the anti-particle of K7 and that kK is the anti K°. 
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Furthermore, we can check that 


dd, Iso» being the isotopic spin 
I7I; = 28, Sop being the strangeness 


3 


This may be also verified for the following tables. 


b) Representation (1, 0): 


S =2N oo, Nop being the baryonic number operator 


| State vector TASTI ps Ilia Si Q Particle 
AR 1 0 0 1 TTT 
A® = 0 0 = n 
AS 0 | 0 0 0 ro 
c) Representation ZO, 1): 
| 
State vector Te Us Ss Q Particle 
Ro 0 il 0 1 bei 
Be 0 — 0 — gl =? 
B® 0 0 0 0 sn 


In the Nishijima-Gell-Mann classification, no particle is associated with 
However, new particles have been recently observed and some 


D(0, 1). 


authors (!°) consider the possibility of their association with 2(0, 1). 


d) Representation D4, 0): 


(2) J. C. POLKINGHORNE and A. SALAM: 


State vector TRUE, LU Ss Q Particle 
yr —} 0 =} =i) e 
Ys 3 0 i 0 v 


Nuovo Cimento, 15, 160 (1960). 
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It is to be recalled that the Nishijima-Gell-Mann scheme gives no infor- 
Imation concerning the leptons so that it is not possible here to interpret I} J; 
and /,Jj as the isotopic spin and strangeness. Replacing vectors y* and Ye 
by y* and y. would yield the antiparticles; the consequence in the table above 
is a change of the sign of all numbers. 


e) Representation ZO, à): 


State vector Ted a 1573 | S, Q Particle 
p' 0 2 2 1 ut 
Ps 0 vai DI Di 0 Vi Gy 


A consequence of the preceding table is that u* should be considered as the 
particle and u- as the anti-particle. 


f) Representation 4(4, 1): 
Mciate vector Le TJ | Igy 8; Q Particle 

AM EN 1 4 | 2 

Att —4 | 1 } 1 

ARS 1 | 1 0 = 
A2-} Si | | 4 — i] oI 
Ast 1 0 4 1 p 
Hit —1 0 i 0 n 


We find three isotopic spin doublets of which two only have a correspon- 
dence in the Nishijima—Gell-Mann classification. But it will be noticed that 


(*) Note added in proof, - In a first version of this paper we had placed A° along 
with u* in this Table. However after discussion with Prof. DALLAPORTA, DE BROGLIE, 
PoxrEcoRVO and NAKANO its seems preferable to use this possibility to introduce into 
the lepton scheme the second neutrino (which looks necessary to interpret weak inter- 
actions) proposed by Pontecorvo (Journ. Exp. Theor. Phys., 37, 1751 (1959)). As a 
consequence our Tables do not contain A° any more. A° should then be considered 
as an unelementary particle (in Sakata’s sense) or associated with another represen- 
tation. D(0,e-) such as D(0, à) which gives isotopic singlets. 


15 - Il Nuovo Cimento. 
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the one not associated with a particle has one of its members with a charge 2. 
Then, if it is assumed that the charge can have but the values 1, 0, or — 4, 
and (na if one of the terms of the doublet is physically tanto the other 
one is also impossible, we are not led to a greater number of particles. The 
anti-particles correspond to the other internal state vectors (with m’=—4 


of the (3, 1) representation. 


g) Representation D(A, 3): 


State vector dida IUS Ss Q Particle 
By 1 2 3 2 
B24 | = 4 4 0 | 
B34 | 0 4 1 1 
Bie ae 5) 1 = 4 1 Di 
F ad | + 1 ul, 1 a 1 Si 
B3.-+ 0 4 4 0 xo 


Here we have two isotopic spin triplets of which one alone has a corres- 
pondence in the Nishijima-Gell-Mann scheme. "The other one may be eli- 
minated by the same reasoning as was applied to the alternate doublet of 
DIL) 

Now, before we conclude, we must answer two questions: 


1) Concerning the charge Q. In this paper we did not say anything 
about the Lagrangian formalism associated with these internal waves (the 
corresponding study will be published separately). But it the gauge invariance 
of the first kind is imposed, according to the well-known Pauli hypothesis, 
to the internal state vector ©, we are led to the relation: 


(39) òD = iIf Jj +I;J; +8) 2 
and the charge operators comes out to be: 
(40) OS 1A Loe 


which justifies the Nishijima-Gell-Mann formula. 


2) About the spin of these wave vectors. It will be shown later that, 
from the Lagrangian formalism, can be deduced, in the case of the fermions, 


3450 


ANI 


NEW ISOTOPIC SPIN SPACE AND CLASSIFICATION OF ELEMENTARY PARTICLES 22/1 


a tensor analogous to the Belinfante-Rosenfeld tensor, leading to the spin 
pseudo-vector: 


SO = hDo, D 


so that the spin assumes the values + #/2 for the wave vectors considered. 

In the case of the bosons, it is easy to see that, for Z(4, 4), (1, 0) and 
2(0, 1), m' being equal to zero, the wave vectors have only one independent 
component in the rest-system (0t= wt = ©). This corresponds to zero spin. 


Conclusion. 


It is clear that, if our basic starting point and subsequent calculations 
correspond to physical reality, many new problems and lines of research are 
opened which must be investigated. 

The first line is evidently connected with the physical interpretation and 
discussion of the preceding results. As we know (?) our basic extended par- 
ticle model constitutes a realistic model of Yukawa’s bilocal model and is 
closely related with the new conception ot a possible subquantum level of 
matter introduced by Boum and one of us (J.-P. V.) (18). Researches are under 


| way in Bristol and the Institute Henri Poincaré in order to understand the 


| 


| 


meaning of quantization in terms of real physical properties of that new level. 

The second line of research results directly from our calculations. Since 
we know the exact structure and have symmetry properties of every state 
vector it is evidently easier to study different types of internal interaction 
relativistic Hamiltonians corresponding to different types of couplings. In our 
model the conservation or variation of i; and S are connected with conservation 
or variation of internal angular moments so that we now dispose of a concrete 
model to study different types of possible interactions. 

The last line is related with quantization of the internal motion of rela- 
tivistic rotators. As we have seen our basic starting point is to assume that 
all types of elementary particles correspond to internal quantized fields, repre- 
sented within a certain approximation by hyperspherical relativistic rotators. 
So our problem can be expressed in the following form: what are the external 
quantized motions of relativistic rotators with internal motion characterized 
by a certain quantum state vector calculated in this paper? 

The answer is facilitated by the remark that the «internal group » of three- 
dimensional complex rotations and its representations are isomorphic to the 


(3) D. Boum and J.-P. Vicrer: Phys. Rev., 96, 208 (1956). 
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Lorentz group and its irreducible representations: preliminary research then 
indicates that internal and external state functions should belong to isomorphic 
representations. This would justify a recent suggestion made with DE BRo- 
GLIE (1) that relativistic rotators and not point particles are the correct clas- 
sical starting point for quantum theory. The consequences would evidently 
be far reaching since the model would thus provide simultaneously not only 
the external wave field but also the internal structure and internal quantum 
numbers characterizing any given elementary particle. These considerations 
will be developed in a subsequent paper. 


The authors wish to express to Professors L. DE BROGLIE, H. YUKAwA, 
D. Boum, T. TAKABAYASI and to Dr. F. HALBWACHS their gratitude for many 
helpful discussions and suggestions. This work is in fact part of a common 
program of research established in Bristol with Professor BoHM and inserts 
itself very naturally in the frame of the causal interpretation of Quantum 


Mechanics. 


(4) L. DE Brogtie, P. HiLLion and J.-P. Vicrer: Compt. Rend., 249, 2255 (1959). 


RAS SUN Om (es) 


Partiamo dalla nuova idea che lo spazio dello spin isotopico è invariante rispetto 
al gruppo delle rotazioni coniugate complesse tridimensionali e giustifichiamo questa 
ipotesi sulla base di un modello classico di particelle estese descritte da rotatori rela- 
tivistici. Poi esprimiamo in termini dei parametri di Eulero (generalizzazione relati- 
vistica degli angoli reali tridimensionali di Eulero) gli operatori infinitesimali dell’algebra 
di Lie associati a questo gruppo ed otteniamo, nello spazio generale delle autofunzioni 
corrispondenti, sottospazi dimensionali finiti associati a rappresentazioni irriducibili 
del gruppo completo di rotazione complessa. In ogni sottospazio si definisce facilmente 
una serie di « vettori di stato isotopici o interni ) corrispondenti a differenti specie di 
particelle elementari in modo che ogni famiglia di particelle sia connessa ad una rap- 
presentazione irriducibile di questo gruppo. In questo schema i numeri di stranezza 
isotopica e fermionici corrispondono a certi operatori infinitesimali di rotazione e si 
giustifica (con nuovi aspetti qualitativi) la classificazione empirica di Nishijima-Gell-Mann 
delle particelle elementari. 


(*) Traduzione a cura della Redazione, 


a 
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Magnetic Viscosity and Annealing in Magnetic Field (*). 


G. Brorcr, A. FERRO (“) and G. MONTALENTI 


Centro Studi Elettrofisica, Istituto Elettrotecnico Nazionale Galileo Ferraris - Torino 


(ricevuto il 9 Maggio 1960) 


Summary. — In the present work we show that a sufficient, but not 
necessary condition, such as a magnetie material exibits magnetic annealing 
is that it presents also, in a proper temperature range, diffusion magnetic 
viscosity. Besides, if H, is the maximum value of the viscosity field, 
the energy H,J, is nearly equal to the anisotropy energy K, induced by 
annealing in a magnetic field, at least for measurements performed at 
the same temperature. It is also shown that the anomalies of specific 
heat. associated to the process of annealing, are so small that they cannot 
be observed experimentally. The experimental verifications are made 
on iron containing interstitial carbon. The values ot the energy H,J,, 
obtained from the measure of the maximum value of the viscosity field, 
are lower than, but of the same order of magnitude as those of the induced 
anisotropy constant, measured directly. If one considers the poor accuracy 
with which K, could be determined one can consider the agreement 
obtained to be satisfactory. 


1. — Introduction. 


Often it happens that the magnetization curve, drawn immediately after 
demagnetization, does not coincide with the one drawn after a certain time 
interval. If one observes this phenomenon, one must say, after NEEL (7), that 


(*) The research reported in this document has been sponsored by the Air Force 
Office of Scientific Research of the Air Research and Development Command United 
States Air Force through its European Office, under Contract no. AF 61(514)-1331 

(**) Istituto Nazionale di Fisica Nucleare, Sezione di Torino. 

(1) L. NÉEL: Journ. Phys. et Rad., 13, 250 (1952). 
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there exists diffusion viscosity. Phenomena of this type have been observed 
many years ago. SNOEK (?) has experimentally demonstrated that iniron they 
are due to the presence of interstitial atoms of carbon and nitrogen. NEEL (2) 
has given a brilliant theoretical interpretation of the effect. The maximum 
horizontal displacement H, between the two curves is defined as the maximum 
value of the viscosity field. This quantity is directly related, according to 
NÉEL (1), to the quantity of interstitial carbon or nitrogen existent in the 
iron specimen. 

The authors have theoretically demonstrated and experimentally verified 
that phenomena of diffusion viscosity at high temperature can also be due to 
a relaxation at the grain boundaries (*), to the motion of the dislocations (o 
to rotation of couples of atoms in alloys (4) (e.g. in Fe-Si to rotation of 
couples Si-Si). The maximum value of the viscosity field in the first two cases 
is of the order of 1 A/m, in the alloys it can easily reach some ten A/m. 

The possibility of improving the value of the maximum permeability and 
of squaring the loop by annealing in a magnetic field in the alloys is known 
by long (*). Attemps of interpretation of the phenomenon have been given 
by Bozorts (78) (1934); CHIKAZUMI (*) (1950); KAYA (1) (1953); NÉEL (15) 
(1953-54); TANIGUOHI (1214) (1954-55). The last authors try to interpret the 
annealing in a magnetic field as due to phenomena of short-range order appearing 
in the alloy. It is obvious that here are not considered the cases in which we 
have, during the annealing in a magnetic field, formation of anisotropic precip- 
itates (e.g. Alnico) aligned along the field axis. 

BozortH (*) suggests that interpretations of this kind are contradictory 
to experimental facts, for one does not observe the characteristic anomalies 
of specific heath appearing in the usual order-disorder transformations. 


(2) J. L. SNOEK: Physica, 5, 663 (1938). 

(*) G. Brorci, A. Ferro and G. MONTALENTI: Solid State Physics. Editors H. Df- 
SIRANT and J. L. Micurers, vol. 3 (London, 1960). 

(4) G. BrorcI, A. Ferro and G. MoNTALENTI: Magnetic viscosity and annealing 
in magnetic field, Technical Report 3a, A.R.D.C. Contract AF 61(514)-1331 (Nov. 1959). 


(5) G. Brorcr, A. FERRO and G. MONTALENTI: to be published in Phys. Rev. (1960). 
(6) H. PENDER and R. L. Jonzs: Phys. Rev., 1, 259 (1913). 

(7) J. F. DILLINGER and R. M. BozoRTH: Physics, 6, 279 (1935). 

(8) J. F. DiLLINGER and R.M. BozoRtH: Physics, 6, 285 (1935). 

(*) S. Curkazumi: Journ. Phys. Soc. Japan, 5, 327, 334 (1950). 

(10) S. Kaya: Rev. Mod. Phys., 25, 49 fio 

(11) L. NEEL: Journ. Phys. et Rad., ate 225 (1954). 

(22) 5. Tanicucui and T. Oomura: Sci. Rep. Ritu, A 6, 330 (1954). 

(13) S. Tanraucui and M. YAMAMOTO: en Rep. Ritu, AT, 269 foe 
(14) S. TANIGUCHI: Sci. Repts. Res. Inst. Tohoku Univ., Sez. AT, 269 (1955). 
(5) R. M. BozortH: A.I.E.E. Publication, T-91, 69 (1957). 
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More recently other authors (1518) have considered a new hypothesis to 
explain the annealing in a magnetic field of some alloys Fe-Co-Ni. They 
suggest that the effect is due to stacking faults associated with the presence of 
small percentage of oxigen in the alloy. These defects could be aligned by 
annealing in a magnetic field. The experiments in order to reveal these defects 
have been made with electron diffraction. Im any case the possible presence 
of an effect of this type can be superposed to the other source of magnetic 
anisotropy 1.e. to a directional short range ordering. On the other hand this 
type of effect can be considered of the same group as those due to precipitation 
of anisotropic particles and these effects will not be further considered in the 

| present paper. 

The aim of this work is to show that in any magnetic material it is suffi- 
cient, but not necessary, to have diffusion viscosity (due to interstitial atoms, 

to dislocations, to relaxation at the grain boundary, to rotation of couples) 
in order to have the possibility of annealing in a magnetic field. The energy 
of induced anisotropy K, is nearly equal to the energy H,-J, associated to the 
viscosity field. 

The anomaly of specific heat, associated to these processes of ordering, is 
so small as not to be observed experimentally. The experimental verifications, 
related in the following pages, are made for the case of iron containing inter- 
stitial carbon. Verifications on alloys Fe-Al, Fe-Si are reported in another 
work (4). 


2. Magnetic annealing in b.c.c. crystals with interstitial atoms. 


The considerations of this section are qualitatively valid for b.c.c. struc- 
tures with interstitial atoms. Qualitatively they are valid also for any structures 
and for any cause which produces magnetic viscosity. In another work (4) 
we have given the quantitative expressions for couples of solute atoms and 
for the different structures. Therefore it is necessary to prove that if a ferro- 
magnetic material shows diffusion viscosity in a suitable temperature range 
it exhibits also magnetic annealing. 

In the case of interstitial atoms the proof is straightforward: let us sup- 
pose that the interaction energy between an interstitial atom in a b.c.c. lattice 

| and the magnetization vector be of the type wcos’y (p is defined according 


(6) E. A. Nessrtr, H. J. WiLLiams and R. M. BozortH: Journ. Appl. Phys., 25, 
1014 (1954). 

(1?) R. D. HeIDENREICH, E. A. NesBITT and R. D. BURBANK: Journ. Appl. Phys., 
30, 995 (1959). 

(18) E. A. Nespitr and R. D. HEIDENREICH: Journ. Appl. Phys., 30, 1000 (1959). 
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to Fig. 1) and that the crystal is kept for long time at saturation in the direc- 
tion x, B, y. In this situation the theory of the diffusion viscosity given by 
NÉEL (!) shows that the distribution of the interstitial atoms in the lattice, 


Is 


x poss/ble interstitial 
sites 


Ì possible 
displacements 


a) b) 


Fig. 1. — a) Interaction among couples of solute atoms and the magnetization vector. 
b) Positions of the interstitial atoms in a b.c.c. lattice. 


when the diffusion has taken place, is such that to rotate suddenly the mag- 
netization to a new direction x’, f', y' an energy E; is required given by 
eq. (1) 


Si Eg = — Wo (aa +-p°-B'° + y y"). 


From this property of the single domain NÉEL (*) deduces the existence of the 
diffusion viscosity both for the cases of 180° and 90° walls. The authors, in 
a previous note (1°), have proved that also for a polyerystal the maximum value 
of the viscosity field is given by: 

_ Wo 

= ane 


(2) ie 


where W, is a quantity related (1) to the number of present interstitial atoms. 

But we can note that, if we anneal the same specimen in a magnetic field, 
the whole specimen becomes a single domain and hence the energy E, ap- 
pears also macroscopically as an uniaxial anisotropy energy still given by 
eq. (1). Therefore a b.c.c. crystal with interstitial atoms should show both 


(19) G: Brorcr, A. FERRO and G. MONTALENTI: Atti Ace. Lincei, 5, 542 (1958). 


3456 


MAGNETIC VISCOSITY AND ANNEALING IN MAGNETIC FIEID 233 


magnetic viscosity and magnetic annealing. Let us consider (Fig. 1) an inter- 
stitial atom in a b.c.c. lattice and let y be the angle between the magnetization 
vector and the line joining the two atoms between which the interstitial atom 
is placed. As said above NÉEL (') assumes that the interaction energy be- 
tween the interstitial atom and J, is w-cos? g. Because of this energy in each 
domain there is a small excess of interstitial atoms along the direction J: 
By demagnetizing the specimen, the Bloch walls will take a quite random 
arrangement, and domains will be formed in which the interstitial atoms will 
be equiparted along the three directions. Hence, immediately after demag- 
netization, the Bloch walls move as if there were no interstitial atoms. Be- 
cause of the diffusion, as the time elapses, a small excess (or defect according 
to the sign of w) of atoms will reach the positions along J, and therefore an 
additional work is required to rotate J, by 90° when the walls move. In 
other words, long time after the demagnetization, in domains separated by 
90° walls and within the wall thickness for the walls at 180° a uniaxial ani- 
sotropy energy per unit volume is produced locally in the crystallographic 
direction closest to J.. 

When the diffusion occurs during annealing in a magnetic field with the spec- 
imen at saturation, the direction of J, is the same everywhere and hence 
the direction of the minimum of anisotropy, being in each grain along the 
(100) axis closest to J,, is approximate the same all over the specimen. 

Measuring the viscosity field means to measure the anisotropy energy in- 
duced by the diffusing interstitial atoms in each domain i.e. it is means to 
study the effect of the anisotropy on the wall movement. Taking a measure 
of induced anisotropy after annealing in a magnetic field means to examine 
the same effect when the direction of minimum induced anisotropy is approx- 
imately the same in the whole specimen. 

The effects produced by the demagnetization in the case of diffusion visco- 
sity and in the case of magnetic annealing are quite different. In the first 
case, assuming the anisotropy energy to be not too large with respect to the 
other restoring forces on the Bloch walls, immediately after demagnetization, 
the walls will fall in new random positions and they will be the boundaries 
of regions in which on the average the anisotropy energy difference is zero 
everywhere in the walls and in the domains. However, when the diffusion has 
taken place, the walls will separate regions not having statistically the same 
number of interstitial atoms along the three directions. 

On the contrary when the induced anisotropy has grown up in the mate- 
rial at saturation and the demagnetization is made at lower temperature, 
whatever is the wall arrangement after demagnetization, the walls will sepa- 
rate regions having the same distribution of interstitial atoms. Shortly the 
demagnetization can cancel, by averaging, the anisotropy energy formed in 
each single domain and wall when the material is not annealed in magnetic 
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field under the only condition that the induced anisotropy energy is not too 
large with respect to the wall energy. The same operation, i.e. a demagnet- 
ization, does not cancel at all the induced anisotropy when this energy has grown 
up in the material at saturation. 

Now we have to deduce the relation between eq. (2) and the energy of 
anisotropy K, induced by annealing in a magnetic field. The K,, for a poly- 
crystal, is nothing but the value of E, given by eq. (1) when the inten- 
sity of magnetization J, has the same direction in the whole specimen. In 
order to calculate this average value it is sufficient to consider a system of 
reference axes fixed with the polyerystal, and another system of axes, variable 
from grain to grain, and coinciding with the crystallographic axes in each 
grain. (Hq. (1) is valid if it is referred to a system of axes coinciding with the 
crystallographic directions.) Then we have to write eq. (1) for one grain, but 
referred to the fixed axes, and compute the average value when the system of 
axes coinciding with the crystallographic directions takes all the possible orien- 
tations. 

The problem is solved by the Euler formulas of the transformations of 
axes, or more rapidly by a method like the. one given by GALISSOr and 
VERGNE (2°). 

The obtained value is the following: 


Ke = #Wo - 
Hence from eq. (2) we have: 


(3) Hi TJ) = DOK, . 


In another work (*) we give the expression (3) for different structures when 
the energy of anisotropy is due to rotation of couples of solute atoms. The 


values of the numerical coefficients of eq. (3) remain all included between 1 
and 2.5. 


3. — Spicific heat and entropy anomalies due to interstitial atoms diffusing in a 
ferromagnetic lattice. 


Let us consider a b.c.c. lattice and let us take a system of axes coinciding 
with the cube edges (Fig. 1). The interstitial atoms occupy octahedral sites 
at the middle of edges or at the center of faces, along x, or y, or 2 axes. We 
shall say that an interstitial atom is in an a (or y, or 2) site when the line 
joining the two nearest neighbours is parallel to the « (or y, or 2) axis. 


(*°) F. Gatissor and R. VERGNE: Compt. Rend., 248, 703 (1959). 


) 
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Let the direction of J, coincide with the x-axis. As well known from the 
diffusion viscosity theory (+2422) an interstitial atom in the x site has the 
energy w, while an interstitial atom in y or 2 sites has zero energy, the y and 2 
directions being perpendicular to J,: Therefore the energy of an interstitial 
atom can be either w or nought. Let N, indicate the total number of inter- 
stitial atoms, N, the number of those in the upper level, and finally let N, 
indicate the number of interstitial atoms in the lower energy level. The ratio 
of the populations in the two levels is as well known given by 


(4) = exp [— w/kT] 


and as N=N+N, 


(5) M, 


The change of internal energy of the system with respect to an isotropic distri- 
bution is 


(6) U=N;-%, 


where w is the maximum value of the interaction energy between the inter- 
stitial atom and J,; k is the Boltzmann constant and T the absolute tem- 
perature. 

Hence the contribution 0, to specific heat at constant volume (the dif- 
fusion of atoms from x to y or ¢ sites occurs at constant volume with very good 
approximation) and referring to one gram mole of solute is given by: 


dU (w/kT)?- exp [w/KT] 
fee oe ENG, 1 
7) Ce d7 È £ (1 + exp [w/kT])? à 


where €, is the atomic concentration of solute and N the Avogadro number. 
The relationship (7) has a maximum for w= kT. 
We may apply the previous relationship to the case of carbon atoms dif- 
fusing in « iron. The energy gap between the two levels, i.e. the energy dif- 
ference between a C atom in an « site and another one is the 7 site (Fig. 1), 


(21) G. Brorcr, A. Ferro and G. MONTALENTI: A.R.D.C. Contract no. AF 61(513)1331, 
Technical Note la (1958). 

(22) G. BrorcI, A. FERRO and G. MonraLenti: A.R.D.C. Contract no. AF 61(514)1331. 
Technical Note 2a (1958). 


3459 


236 G. BIORCI, 4. FERRO and G. MONTALENTI 


is given by (42125): 


w = 6-10-'* erg/atom . 


Furthermore the atomic concentration e, is about 35-1074. 

As stated, eq. (7) has a maximum for w= kT i.e. in this case for T= 4 Ke 
By introducing these values in eq. (7) and recalling that Nk = 21,95 
cal/g mole, we have: 


(8) C7 = 1034 eal/o-mole- 


Hence the anomaly of specific heat, also in the region of maximum effect, 
appears to be very low because the number of atoms which contribute to it 
is also small. 

Considering the diffusion constants of carbon in x Fe it is obvious that 
the thermodynamical equilibrium at such a low temperature (4 °K) cannot 
be attained practically and therefore this specifie heat anomaly cannot be 
observed. At those temperatures where the diffusion is rather rapid the value 
of C, is even smaller than that given by eq. (8). For instance for T= 300 °K 
we have: 

C, = 5:10-? cal/mole . 


These values are extremely low with respect to the anomaly produced by a 
conventional order-disorder phenomenon. In this last case C,=10 cal/g-mole. 
In a similar way it can be shown that in our case also the entropy anomaly 
is very small. 
One can easily show that analogous conclusions are valid also when the 
magnetic viscosity is due to diffusion of couples of atoms, dislocations, or to 
grain boundary slip. 


4. — Experimental results. 


Since we had not a torsion balance the measurement of the induced aniso- 
tropy energy has been done with methods which may only give approximate 
results. In a first case we have measured the area included between the upper 
parts of the hysteresis loops drawn before and after the annealing in a mag- 
netic field (2425). In another case we have measured the area included between 
the two curves of magnetization taken respectively: the first with the field of 


(*) G. De VRIES, D. W. Van GEEST, R. GERSDORF and G. W. RATHENAU: Physica, 
25, 1131 (1959). 

24) R. M. BozortH: Perromagnetism (New York, 1951); p- 625. 
5) W. KÔSTER: Theorie des Ferromagnetismus (Berlin, 1956), p. 160. 
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measurement in the same direction of the annealing field, the second in the 
normal direction (26). It is obvious that these methods are somewhat objec- 
tionable. It is also necessary to observe that the viscosity field is measured 
at temperature higher by about 50°C than the energy of anisotropy. FER- 
GUSSON (27) has verified that the induced anisotropy energy decreases rapidly 
with temperature. Moreover the viscosity field measured may be somewhat 
lower than the maximum attainable value because experimentally it is diffi- 
cult to cover the whole spectrum of relaxation times. 

Hence for these reasons the induced anisotropy energy deduced from the 
viscosity field will be generally lower than the one deduced from the mag- 
netization curves. 

The experimental results can be summarized as follows: 


1) A strip of electrolytic iron about 0.25 mm thick, 40 mm wide 500 mm 
long was used. Carbon was introduced by keeping the specimen for 8 hour 
at 700°C in H, with 10% Co and quenching in water. The amount of diss 
solved carbon measured by internal fraction methods was about 0.01% in 


= T air 
2 
wb/rri Electrolytic Iron sheet 


loaded with carbon 
Hatched area=10J/m3 | __ 


Jntensity of magnetization,J 


L 


0 100 200 300 400 500 
Field strength, H A/m 
Fig. 2. — Electrolytic iron specimen loaded with interstitial carbon: 1) normal loop 


at —70°C; 2) loop obtained after cooling in magnetic field from — 16°C to —70°C 
The hatched area is equal to 100 erg/em?. The maximum vis- 
cosity field is 9 A/m. 


in about two hours. 


Oomura: Journ. Phys. Soc. Japan, 10, 842 (1955). 


(26) S. Curkazumi and T. 
és International sur la Physique de l'Etat Solide (Bru- 


(7) E. T. FerGussoN: Congr 
xelles, 2 June 1958), to be published. 
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weight. The measurements were taken with a permeameter and a ballistie 


galvanometer. 
The maximum value of the viscosity field H,, taken at —16 °C, as shown 
in Fig. 2, is 9 A/m. Hence from (3), we have that the induced anisotropy con- 


stant K, of the polyerystal is given by: 


Dre 


2.5 


Ke, 


From the value of H,— 9 A/m we obtain easily 
= SbTero ema 


The hysteresis loops of the material were determined at a temperature 
of — 70 °C with a maximum magnetization value of 1.2 Wb/m?, respectively 
after cooling with no field applied and cooling in field. The cooling was per- 
formed in about two hours. The form of the loop obtained after cooling in 
magnetic field appears to be definitely more square. 

The estimate of the induced anisotropy energy in the specimen was obtained 
by measuring the area between the upper parts of the two loops. From Fig. 2 
we get: 

IH =M00 ere ces 


It shall be noted however that a higher value would have been obtained con- 
sidering the difference between the curves relative to saturation loops of the 
specimen annealed in field in -two orthogonal directions. However, for the 
reasons discussed previously this value results already noticeably higher than 
the value of the anisotropy energy deduced from the viscosity field give above. 


2) A ring of Armco iron of the following dimensions was used: outside 
diameter 35 mm, inside diameter 28 mm, height 7 mm, in sheets of 1 mm. 
This specimen received the same treatment as the specimen in experiment 1 
both as regards introduction of carbon and annealing in magnetic field. The 
carbon content in solid solution after the heat treatment was somewhat low- 
er then in the preceding case and the viscosity field at — 16 °C turned out 
to be 6.5 A/m (Fig. 3.). 

From this value of the viscosity field we can again deduce from (3) the 
value of K, 


KE, = H;-J,/2.5 = 56 erg/ems. 


On this specimen two magnetization curves were determined at — 70 40: 
after cooling in a magnetic field from — 16 °C, respectively one with a strong 
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field applied in the circumferential direction and one with field applied normal 
to it. The two curves are shown in Fig. 3: The effect of annealing in field 
appears to be rather strong. The area between the two curves (see Fig. 3), 


T T I 
Armco Iron ring (ten Sheets 0,5 mm) 
loaded with carbon 


Wb/m2 


The curves join at 
1300A/m and1.4Wb 
| Le 


0.4 


Intensity of magnetization, J 


10 A/m 


ile 


0 100 200 300 400 A/m 
Field strength, H 


Fig. 3. — Annealed Armco iron ring loaded with interstitial carbon: () magnetization 

curve after cooling to — 70°C in a magnetic field in a direction perpendicular to the 

measuring field; @ magnetization curve after cooling to — 70 °C in a direction parallel 

to the measuring field. The hatched area is equal to 525 erg/cm?. The maximum 
viscosity field is 6.4 A/m. 


as said above, corresponds to the anisotropy energy XK, induced by the an- 
nealing in magnetic field. This area turns out to be about 525 erg/em*. This 
value is about one order of magnitude larger than the anisotropy energy de- 
duced from the viscosity field given above. In this case however, apart from 
the other reasons already discussed, a contribution to A, due to some change 
in the energy lost in the irreversible processes is to be expected. 

Contemporaneously to our experiments other similar ones have been inde- 
pendently done by GRAHAM (28). This author finds, in different experiments, 
induced anisotropy energy values between 60 erg/em* and 200 erg/em*. In 
these experiments however the quantities of interstitial carbon in iron are 
not measured and therefore it is not possible to make a comparison with the 
energy associated to the viscosity field. 


(28) C. D. GRAHAM jr.: Magnetic properties of metals and alloys, in Amer. Soc. for 
Metal (1959), p. 288. 
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5. — Conclusion. 


These results show beyond doubt that strong effects of annealing in a mag- 
netic field are present at low temperatures corresponding to the diffusion vis- 
cosity due to interstitial atoms in solution (Fig. 2-3). 

The value K, of the anisotropy energy induced by annealing in a magnetic 
field measured by the changes in the magnetization curves appears to be larger 
than the corresponding value H,-J,/2.5 deduced from the viscosity field. 
However the values deduced from H, are always inferior to the expected values 
for the reasons already discussed and, on the other hand, the value of aniso- 
tropy energy estimated by the methods used is not very precise. 

Finally, if we recall the experiments of BRISSONNEAU (2°) on waps-waisted 
loops in iron with interstitial carbon atoms, we may conclude that when inter- 
stitial atoms are involved, viscosity field, squaring of the loops due to annealing 
in a magnetic field, and waps-waisted loops in the Rayleigh zone are all dif- 
ferent aspects of the same phenomenon. 

Besides it is experimentally verified that from a measurement of the visco- 
sity field it is possible to calculate the energy of anisotropy which can be in- 
duced by annealing in a magnetic field. Moreover it is shown that these pheno- 
mena of ordering give variations of specific heat thousands of time less than the 
ones associated to the conventional order-disorder transformations present for 
instance in AB alloys. 


(7°) P. BRISSONEAU: Journ. Appl. Phys., 29, 249 (1958). 


RIASSUNTO 


Nel presente lavoro si dimostra che condizione sufficiente ma non necessaria perchè 
Si possa avere energia di anisotropia indotta da ricottura in campo magnetico è che 
il materiale presenti viscosità magnetica di diffusione. 
campo magnetico di viscosità, il prodotto H, J, è pressapoco eguale all’energia di 
anisotropia K, indotta da ricottura in campo magnetico. Le anomalie di calore spe- 
cifico associate al processo di ricottura in campo magnetico sono così modeste che 
non possono essere osservate sperimentalmente. Le verifiche sperimentali sono state 


eseguite su ferro contenente carbonio allo stato interstiziale. L 
derare soddisfacente. 


Se H, è il valore massimo del 


‘accordo si può consi- 
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On the Relation between Zener Breakdown 
and Residual Resistance in Crystals. 


P. GOSAR 


Nuclear Institute «J. Stefan» - Ljubljana 


(ricevuto il 14 Maggio 1960) 


Summary. — The theory of the Zener breakdown of crystals is extended 
to the case of very strong electric fields. In the domain of breakdown 
the resistivity of the crystal decreases very rapidly with the increase 
of the electric field until it reaches a finite value, which depends no more 
on the electric field. This resistivity is due to the scattering of electrons 
by the periodic potential of the lattice. It is shown that the limit value of 
resistivity can be calculated similarly as the residual resistance due to 
impurities. The interpretation of residual resistance as the Zener break- 
down of a crystal with many narrow energy gaps is given. The gaps in 
the conduction band of the ideal crystal are produced by the presence 
of impurity centers. A theory of the electron transport in the crystal 
with many energy gaps is formulated. The comparison with the Boltzmann- 
Bloch transport theory is given. 


4. — Introduction. 


In insulators and semiconductors we observe, for strong electric fields, 
| direct transitions of electrons from the valence band to the conduction band. 
These transitions cause in some cases the electrical breakdown of insulators 
and semiconductors. The theoretical explanation of the breakdown was first 
given by ZENER (1) who set up the theory for a one-dimensional crystal lattice. 
The theory was improved and extended to three- dimensional lattices by 


| 


| (1) C. Zener: Proc. Roy. Soc., À 145, 523 (1934). 


16 - Il Nuovo Cimento. 
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FRANZ (*:*), Houston (*), MCAFEE et al. (5), HOMILIUS and FRANZ (5), and re- 
cently by KELDYSH (‘) and KANE (5). 

In the domain of breakdown the resistivity of a crystal decreases very 
rapidly with the increase of the electric field. But also in the limit of extremely 
strong fields the crystal retains a finite resistance. This resistance does not 
depend on the electric field and is due, as will be shown, to the scattering of 
electrons by the periodic potential of the lattice. The limit value of resistivity 
can be calculated similarly as the residual resistance due to impurities. On the 
other hand we can interpret the residual resistance as a Zener breakdown 
of a crystal with many very narrow energy gaps. These are produced in the 
conduction band of the ideal crystal owing to the presence of impurity centers. 

We shall see that the resistivity of a crystal with periodically distributed 
impurity centers is essentially the same as in the case of a random distribution. 
This statement is only correct if the electric field is strong enough for the 
appearance of a complete Zener breakdown. Such a breakdown is possible for 
small electric fields only if the energy gaps are very small. This implies a great 
distance between impurity centers or a small perturbation potential. 

In the following we first extend the theory of the Zener breakdown to a 
case of very strong electric fields, where the existent theories are no more 
applicable. In the theories quoted above it is usually assumed that only a 
very small number of electrons pass from the valence to the conduction band. 
For a very strong electric field, however, this is no more the case. Secondly 
the transport theory for a crystal with many narrow energy gaps is formulated. 
A comparison with the Boltzmann-Bloch transport theory is given, as well. 


2. — Zener formula for extremely strong electric field. 


The following calculation is based essentially on Houston’s method and 
Zener’s calculations of a predissociation of gas molecules (°). 
The steady state wave functions for electrons in a crystal have the form 


(?) W. Franz: Zeits. Phys., 118, 607 (1939). 

(9) W. FRANZ: International Conference on Semiconductors, Garmisch-Partenkirchen 
1956 (New York, 1958), p. 317. 

(4) W. V. Houston: Phys. Rev., 57, 184 (1940). 

(5) K. B. McArer, E. J. RyrDER, W. SHOcKLEY and M. SPARKS: Phys. Rev., 83, 
650 (1951). 

(5) J. HomrLius and W. FRANZ: Zeits. Naturfor., 9a, 205 (1954). 

(7) L. V. KeLDysH: Zurn. Bksp. Teor. Fiz., 38, 994 (1957) 
(°) E. O. Kanu: Journ. Phys. Chem. Sol., 12, 181 (1960). 
(°) C. ZENER: Proc. Roy. Soc., A 137, 696 (1932). 
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of Bloch functions 


(1) wrk, r) = u,(k, r) exp [tkr], 


where «,(k, r) is a periodic function of the unit cell of the crystal lattice and k 
the wave vector. For each value of k we find a series of eigenfunctions y,(k, r) 
and eigenvalues H,(k, r) which belong to different energy bands labelled by 
index n. 

The application of an external electric field F to the crystal produces the 
perturbation H'— + eFr of the crystal Hamiltonian H. Houston expands 
the solution Y(t, r) of the perturbed time dependent Schrédinger equa- 
tion in terms of w,[k,— (eF/h)t, r], where k, is the wave vector of the initial 
state of a particular electron at the moment (t—0) of the application of the 
electric field to the crystal. Thus he obtains a system of differential equations 
for the expansion coefficients ¢,(f). Only the transitions between two ad- 
jacent bands are of interest. We label these bands by = 1 and n= 2. The 
system of equations is usually solved with the assumption that only few 
electrons from the band of lower energy (the valence band, n= 1) can pass 
over to the other band (the conduction band, n = 2), when the electric field 
is applied to the crystal. This is true for relatively small fields only. In such 
ases we take ¢,(t)=1. 

The transitions between two bands are only possible if the matrix element 
Xp» =i(ut(r) grad, u(r) dr is different from zero. Here the integration is per- 
formed over the volume of the unit cell. This means that the character of 
functions uw, and uw, changes with vector k. In the following we shall assume 
that «, and «, are linear combinations of two functions, which vary only slowly 
with k. The principal variation of w and w, is produced by the variation of 
the coefficients of linear combinations. 

By analogy with Zener’s calculations of a predissociation of gas molecules 
we introduce a new pair of base functions ©,(k, r) and @,(k, r) defined as 


D,(k, r) = %1(k) AUX r) sl 0 »( Ke) p(k, r) b) 
D,(k, r) = %(k) yi(k, r) + o2(k) pilk, r). 
The coefficients x,(k) are still undetermined functions of k, but restricted 


by the requirement that @, and ®, are mutually orthogonal and normalized 
in the unit cell. The expansion of Y(t, r) by new base functions reads 


cF 


eF 
(3) Wt, r) = a,(t) Pi (a — zt, r) alt) D, (Kn x t, r), 


where a,(t) and a,(t) are coefficients of expansion. The new basic functions are 
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no more solutions of the unperturbed Schrédinger equation. Instead of this 


we have 

(4) HO, = fa Di + fa ; noia 
with 

(5) fat) = 21h) (k) Ex(k) + %io( he) & ) of (Kk) E,(k) . 


" 


From (5) we derive the coefficients «;,. All «, are to be chosen real in order 


to assure real values of f,;,. Thus 


= Va, Ga = + V1 — a, 
(6) A 
go AE Or = + VE, 
with 
" Moi fis(k) — fao(k 
7) r=! i(k) — EE) 


Further it follows from the definition of f; that 


ulk 2° (Kk = i(k) — foo(k) |? 
hy — 240 + foo (8) alas cesso), 


D 


a 


22 n(K) — fos 


di 


In the neighbourhood of a point k,, where E,— H, has its minimum value 
on a chosen line k,— (eF/h)t, the energy surfaces can be in many cases ap- 
proximated by the assumption that f,, is a constant and fi; and f,, are linear 
functions of (k—k,). Therefore we put 


(9) 


where e is a constant and a, b are vectors. 2fi, is equal to the energy gap 
AE (ky) = Ei, (ky) — Ei, (ky). 

The calculation of probability for the interband transitions now reduces 
to the essentially equivalent calculation of probability for transitions from the 
state described by ®, to the state described by ®,. For great values of 
(k —k,) the functions D, and ®, are essentially equal to wilk, r) and y,(k, r) 
respectively or viceversa. 

Using the expansion (3) we obtain from the time dependent Schrédinger 
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Qt 


equation the following differential equations for a,(t) and a,(t). 


ae 

à SH = |e + a(k — k;)] ay fis ey 
(10) 

«7 Ady 

ih = fa + Le —b(k— By) ay, 


where k is a function of time; k= k,— (eF/h)t. Here we neglected the time 
variation of ®,(k, r) exp[—ikr] and ®,(k, r) exp [— kr]. 
Now we introduce new unknowns A,, A, in the place of a,, a, by means of 


t 


+4 te + at — kaya 


0 


(11) dic 
Aglt) 24 exp © at b(k ky). 
Hence 
t 
dA 3 
ih = f,-A, exp |4 i IC - b)(k hy) a, 
(12) dE 
dA, 
ih i ees exp AG | b)(K ka) dr 
0 


By the elimination of A,(t) we obtain the following differential equation 
for A,(t) 


dA, fi 


Gel: 1 i 
a Ge ° 


— (a - b)(k ky) 


set 2 Ave 0: 
die 2 


(13) 


for t—t= + oo, where t, is the time of the passage of the electron by the 
point k,. Thus 


(14) i | A,(t,—co)|=1. 


Instead of |a+b|we introduce in (14) the effective mass m* for the direction 
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of vector a+b. We obtain 


ata/2m* (AD 
4heF cosa |”? 


(15) w = exp 


where x is the angle between the directions of vectors a+b and F. 

For the one dimensional case the formula (15) is identical with the expres- 
sion derived hy MCAFER et al. The formula (15) claims its validity also for 
very strong electric fields. The upper limit for fields is given by the condition 
that the asymptotic expansion should be admissible. Thus we obtain the 
following restriction 


b)F| | Ak|? 
(16) {a + i | Si 


7) 
where |Ak| is the distance in the space k between two successive points of 
minimum interband energy difference. 


3. — Strong electric field conductivity of crystals with small energy gaps. 


In this Section we shall consider the influence of interband transitions on 
electric conductivity. We shall discuss the case of a crystal with many not 
overlapping energy bands. We assume that many of them are partially oc- 
cupied by electrons at a given temperature. 

We begin with the evaluation of the current density i(k,) of electrons across 
the surface defined by vectors ky: This surface usually represents the Brillouin 
zone boundary. First we assume that the lower band is only partially occupied 
and the upper one completely empty. The concentration of electrons, which 
have the wave vector k in the interval dk about the value ky is (1/47°)f(k,) dk, 
where f,(k) is the distribution function for electrons in the lower band. The 
current density i(k,) for unit volume of crystal is now given by 


1 ky) =— fi) == ex n 
(17) i( ky) fi( Ko) mag el 4heF cos a 


For electric fields which are strong enough we can expand the exponential 


function into a series and retain only the first two terms. In such a case we 
obtain 


3 G oF V2m (AE) F 
(13) i(k = ko : 0 
i i hi Anh, | fio) 167°%? cos a |F| - 


The second term in (18) gives the current density of reflected electrons at the 
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boundary surface. Our attention is drawn to the important fact that the cur- 
rent of reflected electrons does not depend on the electric field. We see that 
the resistivity due to the interband transitions must remain finite also for 
extremely strong electric fields. 

There arise some complications in the deduction of expressions (17) or (18) 
if the upper band is not empty and the current density is great. In such a 
case we must also consider the transitions of electrons from the upper band 
to the lower one. Because of the exclusion principle the transition current 
increases as some states in the lower band become occupied by the electrons 
arriving from the upper band. The reflection current density is obtained by 
multiplying the last term of (18) by [1 — f,(4o)], where f,(k) is the distribution 
function for electrons in the upper band. 

Now we shall deduce the transport equation for electrons in the crystal 
submitted to the electric field. Beside the interband transitions we also assume 
the isotropie scattering of electrons by phonons. Let t be the relaxation time 
for the electron-phonon scattering. We denote the perturbed distribution 
function for the electrons in the band i, as above, by the symbol f,(k). Now 
the system of transport equations reads. 


eF : fi(k) — foi(k) =. 
= jee, Î I.isa(k) = QUE) = 0 , 


SE 47t°T 


where f,;(k) is the unperturbed distribution function for electrons, i.e. the Fermi- 
Dirac function. 7, ,.,(k) is the density of the electron current from the band è to 
the band i+1. We consider the function I i i41(k) as different from zero only 
in the neighbourhood of zone boundaries or surfaces defined by vectors ky. 

Instead of performing all the calculations in the domain of the reduced zone 
we choose the general Brillouin pattern of zones. The bands à and i+1 lie 
now in the adjacent zones of the Brillouin pattern. Consequently I, i(k) 
represents the current density across the boundary between the i-th and 
(i+1)-th zone from a given k in the zone i to the equivalent k’ in the zone i+1. 

In the case of a strong electric field the reflection current density is small 
and does not depend on the field. If also the distribution function f(k) (the 
index i is here omitted) changes only little from one zone to another, we can 
replace the system (19) of equations by one integro-differential equation only 


en — Evga (ORA Lara, a 100.01 — 10691— 
= Wik ky i(k) jl — f(k)]} do = 0. 


In this equation W(k, k') is the probability function for the reflection of 
electrons on the zone boundaries from the direction k to the direction k'. 
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The integration in the last term of (20) extends over the surface of the unit 
do is the differential solid angle in the direction k'. In all reflections 
the absolute value of k is 
preserved, i.e. |k’|=|k|. 
We determine W(k, k') 
from the current density of 
reflected electrons on the 
zone boundaries. Let us eval- 
uate the number of electrons 
reflected in the volume ele- 
ment dV of space k on Fig. 1 
to the directions k' in the 
solid angle do. We choose 
for dV a cylinder with a base 
S which is approximately 
parallel to zone boundaries 
producing reflections of elec- 
trons. The height of the 
cylinder is v. The volume 
kx as dV extends over many zones. 
Fig. 1 The zone boundaries are de- 
termined by the condition 
that K--k— k' is a lattice vector of the reciprocal lattice and by the postu- 
lation |k'|=|k|. The number of reflected electrons per unit time by the 
particular zone boundary j in the volume element dV is 


sphere. 


Sym" (AE) 


(21) T= fee 


The zone boundary j is completely determined by the reciprocal lattice 
vector K;. If we choose now other lattice vectors close to the vector K, we 
obtain further boundary planes in the volume element dV. These planes also 
produce reflections of electrons in directions close to k'. The number of re- 
flected electrons per unit time is for all these planes approximately equal to (21). 
The number of possible planes depends on » and the solid angle do, which re- 
stricts the admissible directions of reflection. The volume dV, of space k in 
which the vectors K must lie is evidently 


929 > YP) 
(22) dV, = | Kildo, 


sin (9/2 


where d is the angle between the directions of vectors k and k'. Dividing dV, 
by the volume v, of the unit cell of the reciprocal lattice one obtains the number 
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of zone boundaries which produce the reflections of electrons in dV to the 
directions in the cone do. Hence the total number J of reflected electrons 
per unit time in dV to the direction k’ is 


V2m" ( 


(23) T= f(k) (1 — fk) 16724, sin on 


y | Aes? dVdo. 


Comparing I with the last term in (20) we obtain, in using the relation 
|K.|= 2|k|sin (8/2), that 


(24) W(k, k') = RECENSE sin (9/2) . 
>A? 


Now, expressing in (24) m* by AE and |a+b|, we find 


a(AE)? 
25 W(k,k')= k 2) 
(25) (k, k') — ila ol |? sin (9/2) 
Let, for instance, the energy of the electron in the unperturbed cry Li be 
a quadratic function of the square of the unreduced wave vector k, 
(26) B(k) = kr, 
2m Sm! | 
where m/ is the effective mass of the electron. For such a case one obtains. 
from (25) that 
am'(AE)? 


(27) ZE 


This formula is essentially equivalent to the probability function in the theory 
of electrical conduction for the elastic scattering of electrons by some perturbing 
potential U(r), whose matrix element U,,, is equal to AE/2. This is the case 
in Brillouin’s approximation. 

The time of relaxation due to interband transitions is now 


(28) 1 =| W(k, k')(1 — cos?) do 


Thus we have obtained an interesting relation between the Zener break- 
down and the residual resistance. One can consider the residual resistance as. 
due to a complete Zener breakdown. 


4. — Conclusions. 


It is known that the Boltzmann-Bloch equation is only applicable if the 
effective range of scattering potential is small compared with the distance 
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between neighbouring scattering centers and if kT >h/m. The theory of 
purity conduction, which is based on Zener breakdown (as presented = puis 
paper), imposes less rigorous conditions for its validity. The first restriction 
concerning the range of the scattering potential is no more necessary. The second 
condition ET ‘h/t is replaced by the assumption that kT extends over many 
energy bands of the perturbed crystal. However, we have here an additional 
restriction referring to the value of the applied electric filed. If we have to 
deal with spherical energy surfaces of an unperturbed crystal, the value of 
the field must be such that 


am'(AE)? hy 2h? EVA) 

hal 4h? |k||Ak| ~ 1! San! i 

where 7'=|AK]/|(dK/dt)|is the time between two successive passages of a par- 
ticular electron through the points of minimum interband energy difference. 
In (29) we assumed Ÿ = 180° and F parallel to a+b. 

The lower value of the field depends on energy gaps between successive 
bands. In impurity conductors the energy gaps in the conduction band depend 
essentially on the order in the distribution of impurity centers. For a random 
distribution they are smallest and increase with the order in the distribution. 
The gaps also increase with the concentration of impurities. 

In the theory we completely neglected the collisions of electrons and 
phonons. We can expect that the lower value of the allowed fields will diminish 
owing to electron-phonon interactions or, in cases of very small gaps, disappear 
completely. We also neglected polarization effects, which are usually small 
for the states defined by the new base functions 4, and @,. 


RIASSUNTO. (8) 


La teoria del collasso resistivo dei cristalli dovuta a Zener si estende al caso di campi 
elettrici molto forti. Nella zona di collasso la resistività del cristallo decresce molto 
rapidamente al crescere del campo elettrico sinché raggiunge un valore definito, che 


non dipende più dal campo. Questa resistività è dovuta allo scattering di elettroni 
da parte del potenziale periodico del reticolo. 


resistività possa essere calcolato in modo 
impurezze. Si dà l’interpretazione della ¢ 
Zener di un cristallo con molte 
zona di conduzione di un cris 
impurità. 


Si mostra come il valore limite della 
simile alla resistività dei conduttori con 
onduttività per impurezze come collasso di 
Strette discontinuità energetiche. Le discontinuità nella 
dv tallo ideale sono prodotte dalla presenza di centri di 
Si formula una teoria del trasporto di elettroni in un cristallo con molte 
«discontinuità energetiche. Si fa il confronto con la teoria del trasporto di Boltzmann-Bloch 


(*) Traduzione a cura della Redazione. 
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Extensive Air Showers and the Upper Atmosphere. 


C. A. PEARSON and S. T. BUTLER 


The Daily Telegraph - Theoretical Department (*) 
School of Physics, The University of Sydney - Sydney 


(ricevuto il 9 Giugno 1960) 


Summary. — An attempt has been made to explain the solar variations 
in counting rate of extensive air showers, reported by MCCUSKER, in 
terms of a tidal change in the height of the first interaction of the primary. 
It is possible to obtain the very large amplitudes McCusker has found 
with an amplitude of tidal motion in the ozone layer of between 3 and 
10km, and provided nearly all of the high energy primaries involved 
are heavy. 


1. — Introduction. 


During the past few years a number of groups (4) using various types of 
detectors have looked for changes in the rates of counting large air showers 
with solar time. Some of them (**) have found that their counting rate varies 
periodically with marked twelve hour and twenty-four hour components. 

Tt is remarkable that where the showers are detected with M-units, these 
periodic variations are most firmly established and have the greatest amplitude. 

The M-units consists of three small geiger counters of area 14 cm? at 
the corners of an equilateral triangle of side 20 cm. They are used in coin- 
cidence with an extensive geiger tray several metres away to screen out any 
local showers. 

Because the counters are so small the units trigger on high particle den- 
sities which are to be found only near the core of large showers. 


(*) Supported in part by the Nuclear Research Foundation within the University 
of Sydney. 

(1) W. GALBRAITH: Extensive Air Showers (Buttherworth, 1958), Table (7.1). 

(7). GBA. McCusker and B. G. WILSON: Nuovo Cimento, 10, 188 (1956). 

(3) C. B. A. McOusker, D. E. PAGE and R. A. Rem: Phys. Rev., 113, 712 (1959). 
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Several groups working with MCCUSKER (?*) have averaged the bi-hourly 
counting rate over periods of about a year in Dublin, Jamaica and Sydney. 
In each case the counting rate shows marked diurnal and semi-diurnal vari 
ations which are strongly correlated with the pressure wave at ground. The 
amplitude of these fluctuations has varied from six to sixteen per cent of the 
total counting rate. 

The primaries beginning the showers have energies greater than 10!° eV: 
and it seems extremely unlikely that their flux should show diurnal and semi- 
diurnal fluctuations. 

For this reason McCusker (3) et al., in discussing the results from Jamaica 
and Dublin for 1956, 1957, proposed that the variation in counting rate is 
caused by a change in the structure of the showers. The large amplitude sug- 
gested to them that this change in shower structure was associated with a 
tidal motion of the height of the first interaction, and that this interaction 
occurred in a region where tidal changes in its height could be very large. 

Below 30 km it is possible to make balloon measurements of pressure, tem- 
perature and winds in the atmosphere, and it is known that diurnal and semi- 
diurnal pressure changes are small. However, it is possible that above this 
region large tidal motions occur. 
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and that nuclear radii are given by r = 1.2 A‘ in fermis. The densities are 
those adopted by the Rocket Panel (4). 

Itis most unlikely that the first interaction of proton primaries is in the 
region where large atmospheric tidal motions can occur. Evidence from air 
showers indicates that the cross-section for interaction of the high energy 
secondaries is substantially geometric. 

Measurements of proton cross-sections at 860 MeV by CHEN (5) et al., indi- 
cate that the inelastic cross-section for protons in air is less than .25 barns. 
This is reported to be in close agreement with the value found by RADJO- 
PADHYE (*) for protons interacting in emulsions. The cross-section needs to 
increase with energy by about ten times in order that nearly all the protons 
interact above 30 km. 

Moreover, if the primary particles are protons. it is difficult to see how a 
change in the height of the first interaction alters the density of electrons 
near to the core at ground level. It is known from shower theory that most 
of the electrons near to the core result from nuclear collisions of the high 
energy secondaries low down in the atmosphere. From the measurement of 
jets in emulsions it has been found that collisions between protons and nuclei 
become much more elastic as the energy increases and that at high energies 
most of the collision energy is concentrated in one nucleon secondary. It would 
seem that this secondary in its collisions lower down produces the nuclear active 
particles controlling the electron density near to the shower axis. 

There is other evidence that many of these high energy air showers are 
not begun by protons. A number of authors (*8) looking close to the shower 
axis have seen high energy penetrating particles, all with similar energies 
which appear to be fragments of the primary. Others (*!°) have observed 
sharp peaks in the electron density near to the shower core. 

In nine showers from primaries between 3-1015 and 2-10: eV energy, DMI- 
TRIEV et al. (7) have reported an average of more than ten nuclear active 
particles with energies greater than 10° eV in each shower core, spread over 
a region extending several metres from the shower axis. 

Recently PETERS has suggested that less than half the primaries with 


Rocket Panel: Phys. Rev., 88, 1027 (1952). 
EF. E. CHEN, C P. Leavirr and A. M. SHaprro: Phys. Rev. 99, 857 (1955). 
V. Y. RasopapHyE and C. T. Wappineron: Phil. Mag., 3, 19 (1958). 


V. A. Dmirriev, G. B. HRISTIANSEN and G. V. Kuuxov: Suppl. Nuovo Ci- 


mento, 8, 587 (1958). 


S. I. NigoLskxiJ, U. N. VAVILOV and V. V. Barov: Dokl. Ak. Nauk USSR., 


) 

71 (1956). 

(9) R. E. HERRIMAN and W. E. HAZEN: Phys. Rev., 90, 496 (1953). 

10) W. P. Davis, W. E. Hazen and R. E. Hrrriman: Nuovo Cimento, 12, 233 
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a given total energy below 1015 eV are protons. He has indicated that the pro- 
portion of heavy primaries should increase rapidly with energy above this. 

In the following we will discuss the triggering of M-units by showers begun 
by primaries containing at least several nucleons, at a level in the atmosphere 
which suffers large tidal fluctuations. 

The way in which the primary disintegrates on interaction (*) in the upper 
atmosphere controls the shower structure close to the shower axis. As a rough 
model for this disintegration we have assumed that a «fireball» is formed 
about the primary which then decays isotropically in its own reference frame. 
The nucleons emitted from the fireball with mean energies of 1 or 2 GeV, will 
form separate shower cores. The spread of these cores at the ground will 
determine the electron density near to the axis. It is to be expected that as 
the height of the first collision increases, this spread will increase, lowering the 
mean electron density and the counting rate. 

The spread of the core is controlled by the energy with which the nucleons 
are emitted in the F frame, and the Lorentz factor of this frame with respect 
to the ground. 

For a given energy the speed of the fireball in the laboratory system de- 
pends on the size of the primary and on the nature of the collision. If the 
primary is as big as iron it is possible that several hundred mesons are 
formed in the F frame. Even if no momentum is transferred to the atmos- 
pherie nucleus, that given to the mesons in the «fireball» is sufficient to re- 
duce the Lorentz factor of the primary by several times. For if y,m, be the 
Lorentz factor and the mass of the primary before collision, 6} =1—yj° and 
Y:Ps be the corresponding quantities for the fireball, then 


(1) ViM,P, = m*P Yo, 


where m*c is the energy of the fireball. 

It is probable than m* increase with the primary energy. PETERS has 
suggested that m, does also. If this is the case it is possible that the size of 
the core stays relatively constant for all the shower sizes to which MeCusker’s 
apparatus is sensitive. The importance of this will be discussed with the 
results in Section 4. 

In Section 2 we have determined the distribution of the nucleon cores. 

Since the steepness of the electron distribution for showers initiated by 
nucleons fluctuates from shower to shower near to the core and is not well 
known, we have chosen for it a distribution whose steepness can be adjusted. 


() It can be shown that even for the high energies involved the initial disin- 
tegration of a heavy primary must be produced by a direct nuclear collision, with little 
contribution from «Coulomb dissociation » collisions. 
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In Section 3 the electron distribution from a heavy primary is determined 
in terms of it. 

In Section 4 the counting rate of an M-unit is found from the electron 
distribution and the primary energy spectrum. 

A number of calculations of the counting rate for showers starting at dif- 
ferent heights have been made using «Silliac », in order to compare with the 
amplitudes found by McCusker. The results of these calculations, and the 
effects of various assumptions about the first interaction, the primary spectrum 
and the distribution about single cores are discussed in Section 9. 


2. — The distribution of cores. 


In determining the distribution of nucleon cores we have assumed that 
the «fireball» engulfs the whole primary and that from it the nucleons are 
emitted independently. That is, we have taken an extreme case where the 
collision produces no heavy fragments. 

For a nucleon emitted at an angle 0 to the direction of motion of the primary, 
with momentum p and energy E in the F system, and with corresponding quan- 
tities 6’, p', E' in the laboratory system it is easy to obtain the relation 


(1) y tg 6’ = sin 0 (cos 0 + BE/pe)* = y, 


where y = (1—f?)~! is the Lorentz factor between the two reference frames. 
If the collision occurs at a height k from the ground the nucleon would land 
a distance r= h tg 6’ from the shower axis. From (1) ÿ = yr/h is for a given 
y/h a measure of the core spread. It is convenient to determine the distribu- 
tion of cores in the laboratory system in terms of y. 

The probability that a particle will be emitted between 0 and 0-+d0 in the 


F system is 


(2) n(0)d0 =4N sin 6 dé, 


where N is the total number of particles. The corresponding distribution in 
the laboratory system in terms of y is 


(3) n(y) dy = 4N sin § d0/dy dy . 
Putting a =E/pc and z= cos 0 in (1) we have 


2) y=(o+y 1-2} 
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and 

(5) — dejdy = yly2(a +2) +2] (a+, 
where 

(6) 2 = (1+ 9") [ag + (1+ y?— ay). 


It is easily shown that for particles emitted forward from the F system 
(0< 2/2) only the + sign in (6) is relevant so that 


dz/dy = — yQ + y®) "(1+ y? — ay?) À [a + (1 + y? — ay? FP 


— 
7 
— 


and the distribution of cores in the laboratory system from these forward par- 
ticles is 


(8) n(y) dy = 3NY(1+ y) (A + ge — ey?) Ta + (1+y2— ape). 


It is clear from (5) that for nucleons emitted forward in the F frame (2 posi- 
tive) dy/d is always negative. Those emitted at the large angles in the F frame 
land furthest from the shower axis. They extend out to a maximum given 
by (4) y=1/a. 

For particles emitted backwards in the F frame dz/dy changes sign. As 0 
increases beyond 7/2 the core will spread beyond y=1/a to a maximum at 
y = (a?—1)~*. Thereafter particles emitted at greater angles appear closer to 
the shower axis. Beyond the maximum spread we must choose the — 
sign in (6). 

While the spread of cores at the ground is increasing with increasing angle 
of emission in the F frame the core distribution is the same as (8) 


(9) n(y) dy = 3 Ny(1+ y?) “(1+ y? — ary)? fa + (1 + y? — ay?) 
and for greater angles of emission 
(0) m(y) dy = $M y(1 + y?) (1 + y — ay) Fla — (1 + ge — ty?) 


The total distribution of cores at ground between y= 0 and y = (a2—1)* 
is thus 


(11) ny) = Ny(1 + y?) “(1+ y? — ay) À fa? + 1 + y2(1 — a2). 
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Fig. 2. - The probability that a shower core will fall at a given distance from the shower 

axis. Curves 1 and 2 are for the distribution (11) when the average nucleon kinetic 

energy is 1 and 1.5 GeV. Curve 3 is the distribution (12) and curves 4 and 5 the 
distributions (15) with different values of x. 


The distribution (11) is plotted in Fig. 2 for two values of a corresponding 
to nucleons emitted in the 7 system with average energy 1 and 1.5 GeV and 
compared with the distribution for relativistic nucleons 


(12) HY) = 2Ny(1 = 7) 


1 


which is the special case of (11) when a= 1. 


ES. — The electron distribution. 


The distribution of shower particles near the axis of showers begun by 
protons is not well known. It is therefore convenient to choose for the distri- 


bution about each core 
(13) o(r) = (22) ‘Nya — vi) payer (exp [— yur] — exp [— yer) 


where y, and y, are adjustable parameters and is the total number of par- 
ticles produced by each nucleon at the ground. 

If the energy per nucleon is not too large in the F frame it is sufficient 
to suppose that all nucleons have the same energy at ground level. 


17 - Il Nuovo Cimento. 
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The total distribution of electrons in a shower begun by a heavy primary 
is then 


(14) o(r) = tte, IG dr o(r—r'), 


27 (Y2— Yi 


where #,(r) is the density of cores normalized so that [me(r) dr=1, N isthe 
total number of electrons in the shower and both integrals are taken over 
the whole plane. 

The integral (14) is difficult to evaluate if we use the core (11) directly. 
It is much more convenient to replace (11) with the function 


(15) n(r) = — © kei(ar), 


where kei(ær) is a function related to the Kelvin (11%) functions. 

Suitable choice of « can make the resulting electron distributions almost 
identical in the region of the core. The functions kei(x) has its first zero at 
x=3.9 after which its magnitude rapidly decreases. Contributions to the 
integral (14) come almost wholly from a <3.9 which we may take to be 
the extent of the core. 

In terms of y= yr/h the spread of the core is determined by the kinetic 
energy of the nucleons in the F frame. Once this energy is fixed y max is a 
constant. In fitting the core with the function — a? kei(ar), x must be chosen 
so that 


ME pees A) 


That is x«h/y must be kept constant. 
In Fig. 2 typical fits to the core structure are shown as a function of y. 
Using (15), (14) becomes 


9 


(16) el =— ee farei ten 2! nlr=r' |} exp [~y.|r—r'|] 
27 (V2 — 1) Ir —r'| 


where N is the total number of shower particles. 
Making use of the Fourier transform of (13), (16) becomes 


(17) To: Nyryoly2 = n [ar keiten f exp tik: Feb, 
4x (k? + y?)(k? + à) 


1!) C. N. Watson: Theory of Bessel Functions, (Cambridge, 1952) p. 81. 
12) N. W. MCLACHLAN: Bessel Functions for Engineers (Oxford, 1934), pp. 119, 168. 


13) H. B. Dwicur: Tables of Integrals and other Mathematical Data (London, 1947) 
p. 240. 
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and using the zero order Bessel transform of (15) 


(18) o(r') 2Ny.y2(Y1 a BE | k dk sin kr’ 
| (kK? + yi)(k® + yh) (k8 + act) | 


nr 

0 
The form (18) can be integrated immediately to give for the electron distri- 
bution from a heavy primary 


(19) o(r) = Nyiyslvi + ya)at(27r")*- 
«(yi — ya) (at + yi) exp [— yr] — (at — 72)! exp [— par} + 


! 


sd È or’ ar’ i 
+ a? (yitot) “(ye + xt) exp Gi lott RP Vo (yi + ya)? cos w ne 


The distribution (19) is plotted in Fig. 3 for different values of (x, y»). 
y, controls the steepness of the electron distribution about separate cores and 


te i L ] dI IL 

2 4 6 8 

r (M) 

Fig. 3. - Curves 2 and 3 represent the function (19) which gives the distribution about 
the shower axis of electrons in a shower begun by a heavy primary, for different spreads 
of the core. The parameters used were y,=.013, y2—10, x=3.5 and y,=.013, y,=10, 
a—.7. Curves 5 and 6 correspond to 2 and 3 except that for them the electron density 
about single cores is much less steep near the cores. For curves 5 and 6 the para- 
meter y, was taken to be 1. Curves 1 and 4 are the distribution (13) of electrons about 
single cores used in calculating curves 2, 3, and 5, 6. For curve 1 y, was chosen to be 
10 and for curve 4 y,.=1. 


x the spread of the cores. It is clear from Fig. 3 that as « gets large the region 
of the shower for which the density is sensitive to changes in « grows very 
small. It is important that for the majority of showers which the M-unit 
detects, « should not. be too large. 
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4. — Counting rates. 


It remains to determine what effect tidal oscillations of the interaction 
level will have on the M-unit counting rate. 

If a shower falls with its axis at r from the centre of the M-unit the pro- 
bability that it will trigger the i-th counter is 


P;=1—exp [—4,], 


where x, Ao(r;) and A is the area of the counter. The probability that the 
M-unit will trigger is 


3 


(20) P(r, 0) = [J (14—exp[—2:)) . 


t=1 
The probability that a shower of size N will fall at the distance r is 
N ’rdraN dé, 


where y is the shower size exponent, so that the total probability of triggering 
the M-unit is 


. 3 
(21) De - fan d’ dry N [TIC = exp [+ a] . 
3 i=1 


The relative triggering probability for showers interacting at various levels 
has been determined by integrating (21) numerically using the electron distri- 
bution (19) for various assumptions about the nature of the primary event, 
as a function of the tidal amplitude, and for different distributions about 
single cores. 

The two gross features to which the relative change of P, with tidal motion 
is sensitive are changes in y and elasticity. However, in all cases the observed 
change in rate appears to indicate very large tidal amplitude of the level of 
interaction. 


5. — Discussion of results. 


A change in the height of the first interaction changes the electron density 
mainly in the area covered by the nucleon core. 

As the primary energy increases it is to be expected that the Lorentz factor 
ot the F frame with respect to the ground will increase and the core will shrink. 
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It may be seen from Fig. 3 that when «x=3.5 the region over which the 
electron density changes appreciably is very small. 

With increasing shower size, the electron density outside the core becomes 
sufficient to trigger the M-unit. The density inside becomes so large that the 
M-unit is saturated. It is clear that for showers greater than a certain size 
the counting rate is no longer sensitive to the height of the first interaction 
From Figs. 4 


5 this size can be seen to be about 2-10° particles. 


? 


7) 


Counting rate 


1 i | 
1-106 21016 3.1016 210% 5-10 
Primary energy (eV) 


Fig. 4. — Counting rates for showers as a funetion of the primary energy. Each pair 
of curves gives the maximum and minimum counting rates for a tidal amplitude of 


7 km in the interaction level. The core in all cases is assumed to shrink directly with 


the primary energy. Curves 1 and 2 differ in the spread of core assumed for a given 


energy. The parameters for them are y,=.013, yo=15, x«=.08N/h, y=1.5 and y,=.013, 


y,=15, x=2N/h, y=1.5. Curves 1 1 and 3 differ in the frequency assumed for primaries 


of different energies. For curve 3 the value chosen for y was y=2. 


Saturation of the M-unit occurs whenever the density is high. The pro- 
bability that the M-unit will be triggered by a shower whose axis falls a 
distance r from the centre of the unit is given by 


3 


P(r, 0) = Il1—-expi-2d), 


i=1 


where #,= Ao(r;) and A is the counter area. When o(r;) >10? particles/m? 


the M-unit is saturated. 
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(arbitrary units) 


Counting rate 


+ 1 4 1 
.5-10!5 1018 1.5-10!9 2-10!9 2.5-1019 
Primary energy (eV) 


Fig. 5. — Counting rates for showers as a function of the primary energy for constant 

core size. The parameters used in the expression (21) were for curve 1, y,=.013, 

Vs=15, y=1.5 and x=1.2; and for curve 2, the same except that the exponent y in 
the size frequency spectrum was taken to be 2. 
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Fig. 6. — Counting rates for showers as a function of the primary energy for a core 


which shrinks as H~?. Curves (1) and (2) correspond to those of Fig. 5 except that 
parameters x, controlling the core spread was taken as v=1.55-107 E=3. 
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The region of the shower which can make the total counting rate sensitive 
to the height of the first interaction is where the density is sufficiently high 
to often trigger the unit but not high enough to saturate it. 

For small showers this region lies wholly within the core, for larger showers 
it extends beyond. The counting rate is made more sensitive to the height of 
the first interaction when the rôle of small showers is emphasized or when 
the core is extended for larger showers. In Fig. 4 the maximum and minimum 
counting rates are plotted for a tidal amplitude of 7 km in the mean inter- 
action level, for three different assumptions. (Each pair of curves is arbitrarily 
normalized.) In each case the core was assumed to shrink directly as the 
primary energy increased. 

The observations of DMITRIEV et al. (7), suggest that the spread of the core 
is not so dependent on the primary energy. These authors found that the 
high energy nuclear active particles in showers of size 10° to be spread over 
an area not very different from that for showers of size 10°. There is evidence 
that m* increases with the primary energy. PETERS has suggested also that 
the mean size of the primaries increases rapidly with shower size. 

In Figs. 5 and 6 the counting rates are plotted for constant core spread 
and for a core whose radius varies as E ®. In both cases the counting rate is 
much more sensitive to the height of the first interaction than for Fig. 4. 

An increase in the exponent y in the primary energy spectrum increases 
the contribution of small showers to the total counting rate. According to 
-OLARK (4) y may greater than 2. The effect on the counting of a change in 
the level of the first interaction depends very strongly on the values assumed 
Zor y. 

Changing the steepness of the electron distributions about single cores did 
not have a marked effect on the relative difference in counting rate. From 
Fig. 3 it may be seen that shallow distributions increase the sensitive area for 
large showers by decreasing the electron density near to the shower axis. 
However, this decrease sharply cuts the counting rate for smaller showers. 

Table I is a summary of the amplitudes found for the variation in counting 
rate and the assumptions made. 

Figs. 5 and 6 correspond best with experimental observations near to the 
shower core. However, so little is known about the primary spectrum, the 
cross-sections at such high energies, and the actual densities in and above 
the ozone layer that it is difficult to assign a definite value to the tidal ampli- 
tude at the height of the first interaction. When more is known of the structure 
of showers near to the core it seems likely that suitable geiger arrays will provide 
the best method of observing movements of the upper atmosphere. Our analysis 


(14) G. CLARK, J, EARL, W. KRAUSHAAR, J. LinsLey, B. Rossi and F. SCHERB: 
Nature (Lond.), 180, 353 and 406 (1957). 
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TABLE I. 
È Dependence Val Ampl. of change 
Curve Figure Core spread of core spread ; ue in counting 
T È AT 5 & È of y pene 
No. No. for 10° shower on energy 1 re 
7 7 E (0) 
1 4 20 metres de Ji 125 4%, 
2 4 | 8 metres Ce IIS 1.5 300 
| x È lo) 
3 4 20 metres COR one 2 99% 
i! 5 3.3 metres const 1.5 OG 
2 5 3.3 metres const 2.0 159 
LE fi | E 7 1 4 f ind A (0) 
1 | 6 8 metres ET? 1.5 6% 
2 6 8 metres E-3 20 1307, | 
= = ER A] È = = 


even at present shows that the large solar variations seen by MeCusker imply a 
tidal amplitude of the 40 km level of between three and ten kilometres. 

There have been few attempts to observe tidal motions in the ozone layer, 
the observers being mainly concerned with prevailing seasonal winds. It is 
well known that large tidal motions occur in the E layer at 80 km where tidal 
winds with amplitudes of up to 100 m/s have been observed with large ver- 
tical components. 

KENNEDY (1°) using the anomalous propagation of sound waves found in 
the 40 km region, a ten degree change in temperature throughout a day ac- 
companied by diurnal winds with amplitude of 30 m/s. 

WEEKES and WILKES (1°) discussed the production of atmospheric tides in 
this region in terms of the trapping energy by the low temperature « barrier » 
which is known to exist at about 80 km. They have extended the resonance 
theory of PECKERIS (1%) and TAYLOR (!*) and have found that the sharpness 
of the resonance is strongly dependent on the thickness of the cold layer 
which determines the efficiency with which the energy is trapped. If this trap- 
ping were as strong as in the second model they discuss the fluctuations in 
density would be ample to explain McCusker’s result. The phase of the va- 
nation is also in keeping with the resonance theory. PECKERIS predicts a 
change in the phase of the twelve hour wave above 30km. The maximum 
in McCusker’s counting rate occurs with the maximum pressure at ground, 


(2) W. B. Kennepy, LL. Brogan ‘and N. JS EE Jon. Mele, 12.) SLOSS aye 
(CS) K. WEEKES and. M. V. WiLKESs: Proc. voy. Soc., A 492, 80 (1047). 
(7) ©. L. PERERIS: Proc. Roy. Soc. À 158, 6£0 (1937). 
ey) 


G. I. TayLor: Proc. Roy. Soc., A 156, 318 (1930) 


VOL). 


3488 


EXTENSIVE AIR SHOWERS AND THE UPPER ATMOSPHERE 265 


that is, out of phase with the motion of the interaction level. On our model 
increasing the height of the interaction decreases the density near to the core 
and the counting rate. 


The authors are indebted to Professor C. B. A. McCusker for discussions 
on the subject of this paper and for making available to us his experimental 
results before publication. We are grateful to Professor MESSEL for providing 
the excellent research facilities in the School of Physics. During the period 
in which this work was done one of us (C. A. PEARSON) held a Research Stu- 
dentship from the Australian Atomic Energy Commission. 


RIASSUNTO. (*) 


Si è fatto un tentativo di spiegare le variazioni solari nel conteggio degli sciami 
estesi dell’aria, riferito da McCusker, in base ad uno spostamento di marea 
nell’altezza della prima interazione del primario. È possibile ottenere le grandissime 
ampiezze trovate da McCuskER con una ampiezza del moto di mare dello strato di 
ozono tra i 3 e i 10 km, e purchè quasi tutti i primari di alta energia siano presenti. 


(*) Traduzione a cura della Redazione. 
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Hyperfragment Production in K -Meson Absorptions at Rest 
in Nuclear Emulsions. Non-Mesic Decays. 


J. SACTON (*) 


Université Libre - Bruxelles 


(ricevuto il 17 Giugno 1960) 


Summary. — The results of the analysis of 78 non-mesic hyperfragments 
including double centered stars produced in K°-meson absorptions at 
rest are given. The Z-spectrum of the hyperfragments is studied. 12 decays 
have been uniquely identified and in 6 other cases the charge of the 
hyperfragment has been unambigously determined. For the remaining 
events only limits could be put to the charge of the hyperfragment. 
Combining the charge distribution established here with that obtained 
for the mesic hyperfragments in a previous investigation, one can obtain 
the non-mesic to mesic decay ratio as a function of Z. 


1. — Introduction. 


In an earlier report (*), hereafter referred to as paper I, we have described 
26 hyperfragments decaying mesically produced in K--meson absorptions at 
rest in nuclear emulsions. The purpose of the present paper is to report our 
results about the analysis of some 56 non-mesic hyperfragments found during 
the same experiment. As «non-mesic », we consider all hyperfragments decay- 
ing without the emission of a negative x-meson, i.e., those for which the decay 
proceeds with real neutral pion emission: 


(1) A® > 7°+ n+ 42 MeV 


() Chercheur agréé à l’Institut Interuniversitaire des Sciences Nucléaires, Belgique. 
( 


1) J. Sacton: Nuovo Cimento, 15, 110 (1960) 
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or non-mesically, through one of the following stimulated processes introduced 
a few years ago by W. CHESTON and H. PRIMAKOFF (?): 


(2) ee tee nant | 
(3) Appt p > p+n | +10 Mev. 
(4) A+p>n+r°+p>n+p] 


2. — Experimental procedure. 


2'1. Exposure, scanning and measurements. — 56 events which exhibit the 
characteristics of a non-mesic hyperfragment decay star and 27 double cen- 
tered stars with connecting track shorter than 2 um have been located during 
the scanning of two emulsion stacks exposed at the Berkeley Bevatron (stack K,: 
300 Ilford G-5 emulsion sheets; stack K,: 300 Ilford K-5 emulsion sheets) 
The scanning and measurement methods are essentially the same as in paper I. 


2°2. Hyperfragment identification. — The experimental biases affecting the 
detection of the non-mesic hyperfragments decaying into two or more charged 
particles can in many cases be minimized by careful observation—except 
perhaps in the case of cryptofragments. However it is not possible to identify 
non-mesic decay modes leading to the emission of a single prong or nuclear 
recoil. The non-mesic decay of hyperhydrogen, for instance, cannot be iden- 
tified. Moreover, in addition to these biases there exist also the possibility of 
confusing short range non-mesic hyperfragments with other phenomena. The 
results of a systematic study of different background phenomena simulating 
hyperfragment decays are as follows: 


a) an estimate of the random coincidence of a K -meson ending and a 
background radioactive or small cosmic star is about 107°; 

b) the probability that a particle emitted in a K -meson star interacts 
in flight after a range shorter than 5 um is less than 107°; 

c) to our knowledge only one example of a K~-meson interacting nearly at 
rest (E <5 MeV) and re-emerging from the interaction has been reported until 
now (*); ; 

d) at most 2 events can be due to the absorption at rest of 7--mesons 
emitted with very low energy in the K~-meson star (*); 


(2) W. CHESTON and H. PRIMAKOFF: Phys. Rev., 92, 1537 (1953). 
(*) Private communication from Dr. E. H. $. BuRHOP. 
(3) M. SHAFI and D. J. PROWSE: Proc. of the Padua-Venice Conference (1957). 
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e) a systematic comparison of the characteristics (*) of well identified 
> --hyperon absorption stars and definite non-mesic hyperfragment decay stars 
(see definition of « definite » non-mesic hyperfragments below) leads us to esti- 
mate the contamination of short range Y -hyperons to our sample of events 
to be less than 10%. 


In conclusion, the only relevant background contribution is due to the 
short range XY -hyperons. We are thus led to consider two classes of events: 


a) the definite non-mesic hyperfragments and 
b) the other events. 


The so-called definite non-mesic hyperfragments satisfy at least one of the 
following criteria: 
a) the energy balance of the K~-meson star excludes the possibility of 
a XY -hyperon being emitted; 


b) the K-meson star contains a 77-meson (the existence of K -meson 
stars leading to the emission of a z--meson together with a X-hyperon has 
not yet been firmly established); 


c) measurements performed on the hyperfragment track exclude any 
other interpretation. 


19 such events have been identified during this work. 


2°3. Analysis. — The detailed kinematic analysis of the stimulated decays 
(reaction 2 to 4) is made difficult by the large amount of energy release 
(Q = 180 MeV) which presumably tend to favour the emission of more than 
one neutron during the decay process thus excluding in many cases the pos- 
sibility of a unique identification. On the other hand, assuming the same 
processes for the neutral mesic decays as for the negative ones, the most fre- 
quent neutral decay schemes would be of type: 


— 
ot 
_ 


TA 0 7 À —1 
FN Soa RE. 


involving also two neutral particles. 

Owing to this complexity, as has been usual in previous work we consider 
among all kinematically possible solutions, only those involving a minimum 
number of neutral particles. i 


(°) The criteria on which our comparison is based are essentially: 
1) the size of the star; 
2) the yield of energetic protons (E, > 30 MeV), and 
3) the presence of Auger electrons. 
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In order to simplify further, we assume that: 


a) all the decays take place at rest (in fact, no clear example of decays 
in flight have been detected in this work); 


b) the short range nuclear splinters emitted in many cases are at most 
of charge 6. 


The kinematic analysis of the decays has been performed by use of the 
Gamma 3B Bull electronic computer. The code was based on one designed 
by E. M. SILVERSTEIN (*). 47 events with at most four prongs were comple- 
tely analyzed. In 3 of the discarded hyperfragments, one of the decay pro- 
ducts interacted in flight or left the stack after a range too short to allow ac- 
curate energy determination by ionization or scattering measurements. In 
another 3 events, the geometry of the decay star precluded the carrying out 
of complete angular measurements so that it was not possible to calculate any 
momentum balance. The remaining 3 stars consisted of five or more prongs 
and were not analyzed owing to the unfructuability of designing special codes 
for only one or two events. 


8. — Experimental results. 


The general characteristics of the 56 non-mesic decay stars are given mn 
‘Table I; the events indicated by an * satisfy the above criteria for classifi- 
cation as definite hyperfragments. Column (2) contains the proposed iden- 
tifications. In column (5) we give the number and nature of the neutral par- 
ticles involved in the decay. 

Only one event (Bx 2061) could be interpreted as a decay into charged 
particles only. The decay star contains 4 prongs: a) which is due to an ener- 
getic deuteron identified by ionization measurements; 6) which is 2230 um 
long and is due to a singly charged particle of undetermined mass; €) which 
is caused by a doubly charged splinter of 39 ym range and d) which is due 
to a nuclear recoil. The different processes satisfying the kinematics of the 
decay are summarized in Table IT. It must be emphasized that this event is 
also consistent with other interpretations involving one or more neutrons 
which are not detailed here. 

The 46 other completely analyzed hyperfragments have been divided into 
two classes: a) those which are consistent with schemes involving only one 
neutral particle and 6) those of which the decay involves more than one 
neutral particle. We shall consider now these 2 types of event separately. 


(4) E. M. SILVERSTEIN: Suppl. Nuovo Cimento, 1, 41 (1959). 
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Taste I. — Oharacteristics of the hyperfragment decay stars. 
No. and nature of 
No. event Identity Track Range (um) neutral particles | 
(1) (2) (3) (4) (5) 
A pdt 10519 5 
Giò 40 He, pdt 3 320 Bs 
pdt *He ‘He 162 
Go 91 Be, or Ba pdt *He ‘He 141 In 
pdt *He ‘He 86 
d 8 304 
G6 128 ‘Be, Li 5.6 In 
p 33211 
Mi 154 Li, or Bey pdt 2573 2n 
pdt ‘He {He 189 
pdt He ‘He 178 
Sa 10 Z>3 pdt ‘He ‘He 110 2n 
recoil 2.0 
pdt 28 800 
Sa 33 Z>3 pdt 3He ‘He 81 2n 
recoil 7 
pdt 26 040 
Sa 106 Ta, or Bey, pdt 67 In 
pdt *He ‘He 57 
È pdt 619 
Bx 4 He, or Li, pdt *He ‘Ho 62 2n 
d 5 952 
Bx 133 ‘Be, p 78.1 In 
‘He 19.4 
P 9310 
pdt 2713 
Bx 147 Be, or B, pdt 503 In 
recoil 8.0 
A dt ‘He ‘He 359.8 
1 He,, Li, or Be P 
VE gr A | pdt *He *He 40.0 2n 
P > 13 000 
Bx 2000 Z>A Boy ast ‘ 
recoil 19.9 
recoil 10.8 
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1 
= 


No. and nature of 


No. Identit | 
o. event entity | Track Range (um) neutral particles | 
(1) (2) (3) (4) (5) 
7 pdt 22 304 
Bx 2021 He gong pdt 5He ‘He 340 2n 
pdt *He ‘He 512.1 
Bx 2028 Z>3 pdt *He 4He 474.2 2n 
recoil ~1.0 
d 11427 
ET pdt 2230 
Bx 2061 see text pdt *He ‘He 38.5 = 
recoil 3.6 
t 673 
7 
Bx 2085 He, t 529 In 
p 21317 
pdt *He {He 388.5 
Bx 2100 Z>5 pdt “He ‘He 234.6 ? 
pdt ‘He ‘He 160.7 
pdt ‘He He 28.6 
pdt 8750 
Bx 2122 Z>3 pdt 299 2n 
recoil 2.9 
p 9 235 
Bx 2146 LCA ‘He 228.9 In 
STI Dal 
d 14333 
3He ‘He 66.7 i 
Bx 2229 IBS CA OT NA pdt °He 4He 99.2 n 
pdt *He ‘He 17.5 
pdt 5 104 
Bx 2261 Z>3 pdt *He ‘He 878.7 ? 
recoil ~2 
] pdt ‘He ‘He 735 9 
Bx 2303 |He,, Li, or Be, pdt *He ‘He 394 a 
pd 7 023 
Bx 3072 5He, nd 3 665 2n 
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TABLE I (continued). 
No. and nature of 
No. event Identity Track Range (um) neutral particles 
(1) (2) (3) i (4) (5) 
| 
p 2238 
| Sense ies d 1 580.5 ue 
| pdt 146.5 
| Bx 4087 By Or MB, *He He 76.3 In 
$He ‘He 59.1 
| | pdt *He ‘He 295.2 i 
i Bx 4116 He, or Li, pdt = 100 ? 
4 , pdt 8 609 a 
ne SEE pdt *He ‘He 181.1 
Il = 2 
pdt “He ‘He 446.8 
pdt *He *He 164.0 
: pat He <He 20 . 
mee a pdt *He*He | 93.2 
| pdt °He 4He 60.9 
recoil 3.0 
É ; p 16720 
2 6 
Bx 5003 Lin ae 848 In 
a È t 1303 
Bx 5004 He, Ai 1071.8 In 
pdt He *He 446.0 
Bx 5005 Be, or By pdt *He ‘He 244.2 In 
pdt ‘He ‘He 133.5 
pdt | 233.0 
| | 
NE ‘ pdt | 199.7 
| Bx 5006 By or Ca sHe 4He | 193.3 ln 
pdt 3He ‘He | 71.0 
| 5007 d 8 636 
| Bx 5007 Ben Li SE in 
| 8He 4 
| Bx 5007b Z>2 babele, Le 61.0 : 
recoil Pil 
in E | 
| p | 22 340 
| Bx 5008 bl Be, or By | pdt 8He ‘He | 108.1 on 
| pdt?He*He | 22.9 
| 
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TABLE I (continued). 


No. event Identity Track Range (um) ane us of 
| neutral particles 
(1) (2) (3) a) pikes 
pdt 1 044 
Bx 5011 Li, or Be, pdt 174 In 
pdt °He ‘He 67 
p 12 827 
Bx 5013 Be, d 4961 In 
‘He 80.1 
à pdt 2 491 
HQE as pdt *He ‘He 14.9 au 
Bx 5015 Z>2 ae i 
n recoil 4.56 gi 
= | 
pdt 1690.3 
pat *He *He 312.6 
Boxe 0.19 Z>5 pdt *He ‘He 170.9 2 
pdt He ‘He 45.7 
recoil DAI | 
| p 12081 
Bx 5021 Ibi pdt IA 2n 
pdt 1 331 
SHe *He 424.6 
Bx 5022 lay ore (Oy | pdt *He *He 27.3 In 
pdt °He ‘He 10.0 | 
_ > | p 8579 i 
x 5023 en TL 3.0 n 
p 2777 
Bx 5024 By or Oy pdt 231.7 In 
| recoil AT 
pdt 678.5 
Bx 5025 Z>3 pdt *He *He 119.9 2n 
recolì 3.0 
J p 14116 ; 
Bx 5028 He, or Li, ERI 6.7 n 
d 61.9 ae 
Bx 5030 4He, a 6.9 | 7°-meson 


3497 


18 - Il Nuovo Cimento. 


J. SACTON 


+See woe AIR 


274 
TABLE I (continued). 
‘No. and nature of 
No. event | Identity Track Range (um) neutral particles 
1) | (2) (3) (4) (2 
| : pdt > 7 635 | 
Bx 5031 He, or Li, pdt *He ‘He 294.2 1 | 
| | 
p 5101 | 
Bx 5041 Be, Li St] 2n 
| p 21393 | 
| pdt 2 102 9 
Bx 5046 | Z>4 pdt *He ‘He 203 
| recoil 5.7 
a | 
p 41033 
| pd 136 
Bx 5047 | By or OK pat 3He 4He 96.6 In 
| sHe ‘He 486 | 
| 
| pdt 7169 
Bx 5048 | Li,, Be, or B, pdt 3He ‘He 383.5 2n 
pdt ‘He ‘He 56.2 
pdt °He “He 141.8 | 
Bx 5050 Z>2 va. 1.2 2n | 
dt 3He 4H 150. r°-me 
Bx 5051 Z>2 P i ‘ da Big 
recoil 2.4 or 2n 
t 1284.5 
Bx 5052 Abi, Oe Ali d 261.7 In 
recoil ~1.0 
| = pdt *He ‘He 352.4 
Bx 0b: Ps pdt ‘He ‘He 317 LE 
TABLE II. — Event Bx 2061. 
| 
B NEC) 0) EE (a) 
| Decay scheme 4 ss ; n 
| ù (MeV) (MeV) (MeV) (MeV/c) 
| BC, ~d+t+d+*hi 13.5 3.0 114.8 39 
| uC, >d+t+d+7Li 15.8 3.0 114.8 30 
4N,->d+t+d+"Be Tail 3.0 114.9 29 


(*) AB, = error on By. 
(**) P,=residual momentum. 
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31. Decays involving only one neutral particle. — 25 hyperfragments belong 
to this class; 11 of them are uniquely identified i.e., only one interpretation 
leads to an acceptable value for the A°hyperon binding energy. The decay 
schemes of these events are given in Table IIT together with the correspond- 


TapLe III. — List of the uniquely identified hyperfragments of which the decay involves 
one neutral particle. 


: By Q (*) Im) 

No. event Decay scheme (MeV) (MeV) | (MeV) 
Bx 4033 ‘Hex>p+d+n UE 46.6 116.2 
Bx 5004 | *Hex>t+p+n 3.0 40.3 112.5 
Bx2085 | VHeyStttn | 3.8 323 127.1 

| Bx 5003 li, p+'Hetn 7.3 120.9 49.5 
| Bx133 8Be,>d+p+4He+n | 4.9 60.1 | 103.5 
Bx 5013 8Be, >p+d+4He+n Tas! 119.4 | 41.7 
Bx 5007 | ‘Be, >d+fLitn 8.2 GO red 
G6 128 ‘Be, >d+SLi+n 6.6 66.7 | 80.0 
Bx 5023 °Be, >p+’Li+n 6.8 49.9 101.6 
Bx 2146 7G Dae elas a 11.8 76.1 74.6 
Bx 5030 4He,>d+d+7° Soh | Ge | 31.0 

(*) Q = total kinetic energy of the charged products. 
(**) En=kinetic energy of the neutral particle. 


ing B,- and Q-values. The following remarks can be drawn up about the 
results contained in this table: 


a) event Bx 2085 is interpreted as an hyperhelium of mass 7 decaying 
into two tritons and a neutron and is characterized by a binding energy for 
the A°hyperon equal to (3.8 + 3.0) MeV. Only 4 examples of mass 7 hyper- 
helium have been identified until now. Two of them decaying through the 
same process as above were found by E. M. SILVERSTEIN (4) but no binding 
energy has been computed by the author. Another one reported by R. G. 
AMMAR and coll. (3) decays mesically through the following scheme: 


"He, > x-+ SH + “He. 


The binding energy of the A°hyperon inferred from the kinetic analysis of 
the decay star was found to be (3.0 + 0.7) MeV (*). The last event has been 


(5) R. G. Ammar, R. Levi SETTI, W. E. SLATER, S. LIMENTANI, P. E. SCHLEIN and 


P. H. STEINBERG: Nuovo Cimento, 15, 181 (1960). 
(*) Calculated with Q = (37.58 0.15) MeV. 
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reported by us in paper I. This hyperfragment was not uniquely identified; 
however one of the proposed decay schemes 


"He, > "Li + 7 


led to a B,-value of (5.42 + 1.50) MeV. If the recoiling nucleus is emitted 
in its 0.48 MeV excited state, the binding energy becomes around 5 MeV. 

The mean binding energy deduced from these 3 events (~ 4 MeV) is rather 
low compared with the binding energy (~ 6 MeV) given for "Li, by R. G. 
AMMAR and coll. (5). This result seems to confirm the suggestion proposed 
by these authors according to which 7He, and "Li, do not belong to the same 
isotopic spin multiplet; 


b) event Bx 5023 illustrates a new decay mode of *Be,: 
SBC Di lui He 


The measured binding energy is 6.8 MeV. From the three examples of “Be, 
mentioned in Table III, we deduce a mean value of the A°hyperon binding 


energy equal to 7.2 MeV in good agreement with that one given by R. G. 
AMMAR and coll. (5) i.e. (6.4 + 0.4) MeV. 


c) the hypercarbon Bx 2146 detected in the course of this work is to 
our knowledge the heaviest hyperfragment uniquely identified until now: 


2C, = D+ Ho Clin: 


d) event Bx 5003 adds itself to the enigmatic category of the possible 
mass 6 hyperfragments; 


e) in only one case (Bx 5030) is the neutral particle involved in the 
decay a 7°-meson. 


TABLE IV. — Uniquely charge determined hyperfragments of which the decay involves one 
neutral particle. 


F EE 
| No. event Decay scheme By (MeV) Q (MeV) E, (MeV) 
| : 
| "Li, >t+d+p+n | 7.9 31.5 115.0 
5052 : | ; ; 
eds 6.8 31.6 111.0 
| | "Li, >d+‘He+n | 3.3 38.3 | 1324 
Bx 5053 | Lis >t +*He+n 9.1 37.0 1327 
‘Li, ~?He+t +n Dall 37.9 116.2 
OB, >p+*He+4He-+n ET. 26.3 133.8 
1B, de "Fe En 12.8 26.5 
x DI 118.1 
RESI | *Bx>t+*He+*He+n 3.8 26.4 112.9 
| UB,-d+He+tHe+n 3.8 Zon 127.0 
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Data on another 3 hyperfragments, for which only the charge could be 
uniquely identified, are given in Table IV. For the remaining 11 events, the 
analysis provides only limits for the hyperfragment charge (see Table I, col- 
umn 2). | 


3'2. Decays involving two or more neutral particles. — The information that 
can be gained from this category of hyperfragments is rather poor. Out of a 
total of 21 decays involving the emission of two or more neutral particles only 
one event (Bx 5041) could be considered as uniquely identified. Its decay 
star consists of two prongs: the first one is 5100 um long and is due to a 
singly charged particle and the second one ends after a range of 8.1 um in the 
characteristie hammer shape. The only possible decay scheme is: 


be Le EREDE 


leading to binding energy values ranging from zero to 20 MeV. 

In three cases it has been possible from the kinematics of the decay to 
determine uniquely the charge of the hyperfragment. In this way, two hyper- 
helium (Bx 3072 and Gé 40) and one hyperlithium (Bx 5021) were identified: 

Pas OZ: e RPS ZI NOR A Dial 
Go 40: Ho te Eee Lo. 


Bx 5021: (O e  e 1-23 + 2n . 


The other 17 events remain largely un- 1 Rue of 
ni events 


determined. In 7 cases however limits 
could be put to the hyperfragment 204 
charge (see column 2 in Table I). 


4. — Charge distribution. 


As a result of the kinetic analysis of 
some 47 decay stars it has been pos- 
sible to determine uniquely the charge 
of 18 hyperfragments. The charge 


Fig. 1. - Charge distribution of the hyper- PARA Se 
fragments. — — — hyperfragments of uniquely NEI er ler 
determined charge. all hyperfragments. Charge of hyperfragments 
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distribution of these events is illustrated in Fig. 1 (dotted line) and exhibited 
numerically in row (a) of Table V. 


Taste V. — Charge distribution. 


CHARGE 
2 Breet 5 CAM Car 8 
Charge uniquely determined (a) 6 sete eel 1 | =. Pa 
(18 events) | | | 
| | 
Charge non ( First approximation (b) 2 7 8 2 | 
uniquely Minimal (c) Mero 5 4 | 5 | 
determined | Maximal (d) — 3 sy | = 5) 4 2 —. 
(19 events) | Intermediate (e) 2 5 4 6 do = — 
| 
Not analyzed (19 events) (f) 2 2 O O 3 D il 
Total (a)+(e)+(f)+DS (*) (9) I A ARI as 9 3 DI; 
(83 events) (10) (12) | (12/04 113) CG NN) UE 
E. M. Silverstein’s results (4) n) DO | È | x | ; 
(142 events) PSE li a 
(*) DS = double centered stars. The bracketed figures refer to the hyperfragments only, 


neglecting the double centered stars. 


In another 19 cases limits could be put to the charge of the hyperfragment. 
It is rather difficult to get a true idea of the charge distribution of this class 
of events. Various approaches to its determination have been attempted by 
different authors (#%7). As a first rough approximation one may arbitrarily 
assume, following E. M. SILVERSTEIN (‘), that half the hyperfragments have a 
charge equal to the number of prongs of their decay star and that the remaining 
events have Z equal to one plus the number of prongs. One obtains the charge 
distribution given in row (b) of Table V. From the results of the machine 
analysis and assigning respectively the minimum and maximum charge to 
each hyperfragment one gets the charge distribution given in rows (c) and (d). 
Moreover, each event yielding many interpretations leading to different PS, à 
charge distribution can be obtained by assuming that all the interpretations 


(9) M. Brau: Phys. Rev., 102, 495 (1956). 
(7) W. F. Fry, J. ScHNEPs and M. S. Swamwr: Phys. Rev., 106, 1082 (1957). 
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are equally probable and by normalizing them to unity. In this manner one 
determines the intermediate distribution numerically illustrated in row (e) of 
Table V. Hereafter we will consider this distribution as the best approximation 
to the real charge distribution. 

In order to get an idea of the overall charge distribution of all the non- 
mesic hyperfragments produced in K~-meson absorption, the data of Fig. 1 
should be corrected for the estimated contribution of (a) the 10 events for which 
the kinetic analysis provides only a lower limit of the hyperfragment charge; 
(b) the 9 events which were not analyzed; (c) the 27 double centered stars. 

Let us consider first classes (a) and (b). 14, i.e. 75% of these hyperfragments 
contain a short nuclear recoil in their decay star. Owing to our ignorance about 
the charge carried by these nuclear splinters we consider it too rough an ap- 
proximation to postulate that the charge distributions of the two types of event 
are the same. An approach to the determination of the charge distribution 
of the last events is this: from the machine analysis of the previous 40 events 
one estimates that the mean charge of the nuclear recoils is 2 or 3. One assumes 
this to be valid for the remaining hyperfragments. Moreover one supposes 
that for one half of these events all the other emitted particles are singly 
charged and that for the other half a doubly charged product is emitted besides 
the nuclear recoil. In this manner one obtains the charge distribution given 
in row (f) of Table V. 

As to the double centered stars, it is clearly hopeless to elaborate any 
attempt to classification. We will assume their charge distribution to be the 
same as for the other hyperfragments. So we get the total distribution given 
in row (g) of Table V and illustrated in Fig. 1 (full line). 

It must be remarked that the total charge distribution found in the way 
discussed here should be corrected for 2 experimental biases, d.e.: 


a) the loss of all hyperhydrogen (neutral mesic and stimulated decays 
and of all hyperfragments decaying with emission of a single charged particle; 


b) the loss of eryptofragments. 


At the present, we consider that these biases remain unestimated. Neg- 
lecting them, the mean charge of the non-mesic hyperfragments produced in 
K--meson absorptions is equal to (4.0 + 0.3). No event of charge greater 
than 8 has been detected. As a comparison we give in row (g) of Table V, 
the charge distribution of the non-mesic hyperfragments found by E. M. SIL- 
VERSTEIN (*) studying 4.5 GeV x--meson stars. It must be remarked that 
the distribution is obtained from a machine analysis similar to ours but dis- 
regarding possible emission of two neutrons. 


3503 


280 J. SACTON 


5. — Non-mesic vs. mesic decays. 


The charge distribution of the mesic hyperfragments reported in paper I 
is: Z=1, 6 events; Z=2, 13 events; Z=3, 5 events; Z>3, 2 events (*). 
Combining this distribution with that for non-mesic decays established 
above, (row (f) of Table V), one obtains as a function of Z the non-mesic to 
mesic ratio R. The results are listed in row (a) of Table VI. In row (b) we 


TaBLE VI. — Non-mesic to mesic ratio. 
Charge 
2 3 >3 
Our results (a) | de 3.6 | 25 
E. M. Silverstein’s results (b) (machine analysis) 1.8 8.0 27 


give the corresponding values found by E. M. SILVERSTEIN (*). There appears 
to be reasonably good agreement between the two results and the conclusions 
drawn from this information by E. M. SILVERSTEIN (4) about the spin and decay 
of the A°hyperon are thus confirmed. 


6. — Conclusions. 


The production rate of non-mesic hyperfragments including double centered 
stars in K -meson absorption at rest (K_-stars only) is found to be 78/2236, 
î.e.: (3.5 +0.4)%. This value is corrected for the contamination due to > - 
hyperon absorptions (about 10% of the non definite hyperfragments) but no 
correction was included to counterbalance the loss of eryptofragments and 
hyperfragments decaying into a single charged particle. Combining this rate 
with the one reported in paper I for the mesic hyperfragments, i.e. : (1.2.0.2) % 
one gets a total yield of hyperfragments equal to (4.7 +0.5)%. The overall 
non-mesic to mesic decay ratio À is thus (3.0 + 0.9). Taking account of the 


(*) In paper I, we only reported the charge distribution of the hyperfragments 
for which the charge has been uniquely determined. To get the distribution given 
here, we add to this distribution all the other events in the following manner: a) one 
of the 2 events Go 52 and Bx 6000 is taken as singly charged and the other of charge 2; 
b) event Bx 5018 is assumed to be "He,; c) event Bx 92 is considered as heavier as 
lithium; d) one of the events Bx 5036 and Bx 10 is taken of charge 3 and the other 
is assumed to be of charge greater than 3; e) the 4 events that have not been analyzed 
are distributed proportionately to the population of each class. | 
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scanning efficiency for the non-mesic decays, this estimate is a lower limit 
of R. 

The charge distribution of the hyperfragments estimated either from the 
results of the kinetic analysis of the events is illustrated in Fig. 1. Combining 
this distribution with the Z-spectrum of the mesie hyperfragments obtained 
in paper I, one can obtain the non-mesic to mesic decay ratio À as a func- 
tion of Z. Our results are found to be in good agreement with those of E. M. 
SILVERSTEIN (‘). 


T am greatly indebted to Prof. G. P. S. OCCHIALINI for having given me 
the opportunity to perform this work; to Dr. E. H. S. BURHOP for valuable 
criticisms; to Professors A. BERTHELOT and M. CECCARELLI for the loan of 
plates and experimental material from their laboratories; to Mr. REGOUT, man- 
ager and Mr. MERLIN programmer at the «Société Belge de Machines Bull 
S.A.» for their attention and efficient work in studying the programming of 
the kinetic analysis of the decay stars. 

I wish to thank also the scanners Mrs. F. JOHNSON, Mrs. I. SACTON and 
Miss F. CAMBIER for their painstaking work. 


Note added in proof. 


While this paper was already submitted to publication, we heard of a similar 
analysis by V. Gores, W. Koca, W. Linpr, M. Nixoric, $. SuBoTic-NiKkOLIC and 
H. Winze cer (circulated preprint, 28 Juli 1950). Their conclusions are closed to our. 


RiASS UNTO () 


Si espongono i risultati dell’analisi di 78 iperframmenti non mesici, comprese le 
stelle a due centri, prodotti nell’assorbimento a riposo di mesoni K~. Si studia lo spettro 
degli iperframmenti. 12 decadimenti sono stati identificati univocamente mentre in 
altri 6 è stata determinata senza ambiguità la carica dell’iperframmento. Per i rima- 
nenti si son potuti porre solo dei limiti alla carica dell’iperframmento. Combinando 
la distribuzione delle cariche qui determinata con quella ottenuta per gli iperframmenti 
mesici in una indagine precedente, si può ottenere il rapporto fra i decadimenti non 
mesici ed i decadimenti mesici in funzione di Z. 


(*) Traduzione a cura della Redazione. 
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Dynamical Consequences of the K'-K° Mass Difference (*). 


G. FRYE 
Department of Physics, University of California - Berkeley, Calif. 


(ricevuto il 26 Giugno 1960) 


Summary. — The possibility of using the observed K*-K® mass difference 
for obtaining some information on the 7+K interaction is investigated. 
The fraction of the total isotopic vector charge of the K-meson that 
resides in the two-pion cloud is the crucial parameter. It must have a 
value greater than unity in order to obtain a simple dynamical origin 
of the mass difference. Consistency requirements arising from the relation 
to x-K scattering imply that the fraction must have a value within the 
interval — 2 < fx < 2. 


We propose to use the K*-K° mass difference (1) for obtaining some in- 
formation on the dynamical behavior of K-mesons with pions. MATTHEWS 
and URETSKY (7), and KUANG-CHAO and OGIEVELSKI (*) have suggested a 
physical mechanism which may cause the neutral member of the spinless iso- 
topic doublet to have a larger electromagnetic self-energy than the charged. 
First, the neutral particle must be distinct trom its antiparticle in order to 
have a non-vanishing spatial charge distribution (4). Then it must have more 
charge concentrated in its short range structure than the charged counterpart. 
The long-range structure contributes only mildly to the mass difference. We 
observe, however, that there must be enough charge distributed at a large 


(*) This work was supported in part by the U.S. Air Force and monitored by the 
Air Force Office of Scientific Research and Development Command. | 

(1) A. H. RosENFELD, F. T. Sozmirz and R. D. TrrPp: Phys. Rev. Lett,. 2, 110 
(1959); F. S. CRAWFORD jr., M. CkEStI, M. L. Goop, M. L. STEVENSON and H. K. Ticno: 
Phys. Rev. Lett., 2, 112 (1959). 

(2) P. T. MATTHEWS and J. L. URETSKY: Phys. Rev. Lett., 8, 297 (1959). 

(°) CHOU-KUANG-CHA4O and V. OGIEVELSKI: unpublished. 

(*) G. Fernpere: Phys. Rev., 109, 1381 (1958). 
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radius in order to balance the net amount in the «core». The fringe of the 
charge distribution is dominated, according to the uncertainty principle, by 
low-mass intermediate states. The amount of charge that can be found at 
the large radius of one-half pion Compton wavelength depends on the strength 
of the matrix element for a K-meson to emit two pions (the emission of one 
pion is forbidden as a consequence of parity conservation). Some understanding 
of this matrix element is very important because of the essential role it plays 
in the long-range K-nucleon interaction. On the basis of the propesed (5) 
resonance in the 71 —1, J=1, state of pion-pion scattering we expect it to 
be quite large. We feel that the K*-K® mass difference provides an inter- 
esting context in which to begin the discussion of this matrix element. 

The problem of reliably calculating electromagnetic mass differences re- 
mains unsolved. The reason is, classically, that the most important contribu- 
tions to the electrostatic self-energy come from the short-range structure 
which is dominated by massive, many-particle intermediate states. We shall 
assume that this complication is represented by an analytic function, which 
to lowest order in the electromagnetic in- 
teraction, is depicted by the Feynman dia- 
gram in Fig. 1. (*’). The various contri- 
butions to this amplitude may be seen by 
inserting a complete set of physical inter- 
mediate states as indicated. We shall be 
most interested in the one K-meson in- 
termediate state whose effect we can cal- 
culate. It contributes a pole with residue 
equal to the square of the electric form Fig. 1. - The Feynman diagram for 
factor (8). The next intermediate state, Compton scattering of a photon of 
K-meson plus one pion, can eventually be momentum q on a K-meson of mo- 
caleulated by present techniques, but this mentum p. 
requires knowledge of several additional 
matrix elements. We feel, however, that the dominant part of the higher 
intermediate states is already included by our method of assuring gauge 
invariance for the whole amplitude. This was done in an ad hoc way on the 
basis of perturbation theory by including also the local bilinear interaction 
of the electromagnetic field with the meson field. 


p 


p 


(5) W. Frazer and J. FuLco: Phys. Rev. Lett., 2086501950) 

(6) RiazuDDIN: Phys. Rev., 114, 1184 (1959). 

(7) M. Cini, E. FERRARI and R. GATTO: Phys. Rev. Lett., 2, 7 (1959). 

(8) G. F. CHew, R. KARPLUS, 5. GASIOROWICZ and F. ZACHARIASEN: Phys. Rev., 
110, 265 (1958); P. FepERBUSH, M. L. GOLDBERGER and 5. B. TREIMAN: Phys. Rev., 
2 (1958). 
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The electromagnetic mass is obtained from the function represented by 
Fig. 1. The calculation is done by contracting the photon lines and integrating 
over all four-momenta g. For the integration we require the square of the 
electric form factor F2(q2) in its unphysical (q?< 0) as well as its physical 
(42 > 0) region. The behavior in the unphysical region is obtained by analytic 
continuation from the physical region where F(q?) is real. On this basis, we 
can reduce the four-dimensional momentum space integral to a one-dimen- 
sional integral over the invariant momentum square. Before writing down 
this result, let us decompose the form factor into isotopic scalar and vector 
parts F° and F”. The respective form factors for K* and K° become 


P+ = Feo PI, 
oS pe 
The mass difference between the two particles that arises from the one 


K-meson intermediate state and the requirement of gauge invariance is giv- 
en by 


Le] 


x 2 4m?2\3 2 
(1) dt — [age asa) Pra : (1. = SADE 


D 4m? 4m? 
0 


There is no assurance that this integral converges (*). In order to get a finite 
electromagnetic mass difference we are forced to assume that the form factors 
fall off rapidly enough for large q?. This assumption also enables us to write 
unsubtracted dispersion relations for the form factors (8) 


CA 4 
(2) Pe") = = | ne 
TT t+ q? 
(321)? 


Lee SV n: 18,7 : a - ce e 5 
where g*"(t) = Im F°"(—t). The mass of the pion is u. The normalization 
at zero momentum transfer is 


PO) Etre" 
This is important because it requires F* and F” to be positive for sufficiently 
small 9g? (continuity). On the other hand, if mi of eq. (1) is to have the same 
sign as the observed mass difference, F*-F” must be negative over a sub- 


stantial region at larger qg?. These conditions require at least one of the spectral 
Ni eo AO VS ee dE 3 
functions to g'"* to be very large in the low-energy range (t & 10u?) and 


È 7 SOIA - fog a ae 
(9) H. LEHMANN, K. SyMANZIK and W. ZINMERMANN: Nuovo Cimento, 2, 425 (1955). 
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have a large contribution of the opposite sign in the high-energy range 
(t © 200 4°). This situation is qualitatively the same as in the attempted cal- 
culations of the proton-neutron mass difference (71). Thus we conclude that 
the observed sign of the mass difference is not unacceptable theoretically. 

We shall now discuss the spectral function of the isotopic vector form factor 
on the basis of relativistic dispersion relations (1). The only contribution to 
the spectral function g(t) in the interval 4u?<t< 16 yw? comes from the two- 
pion intermediate state that connects a photon to a KK pair 


(4) Lo’) = a (n | KK 


The same two-pion state occurs in the isotopic vector electromagnetic structure 
of the nucleon (7). FRAZER and FuLco (1?) have shown that a resonance, of 
suitable position and width, in the I=1, J=1 state of pion-pion scattering 
gives the pion form factor <y|am a behaviour that can provide a natural 
explanation of large nucleon anomalous magnetic moment and its radius. 
The interpretation of the vector charge radius remains ambiguous. The reason 
for this is the large, negative contribution to the spectral function at high 
energies that is indicated in the calculation of the proton-neutron mass dif- 
ference. For the strange-meson problem, we assume that the pion form factor 

y|am> is known and we have attempted to infer something about the matrix 
element < anx|KK). This matrix element is related, by analytic continuation, 
to the matrix element (7K |aK> of pion-K-meson scattering. The absence 
of the Yukawa interaction (KK) makes it possible to do the calculation to 
within about 20% using S- and P-wave scattering parameters. A large S-wave 
scattering length (in the T=4 channel) of about 2 fermis and a strong P-wave 
resonance at low energy (in the I=} channel) gives the spectral function g” 
a large magnitude of roughly 3e at the peak of the pion-pion resonance (°°). 
This contribution alone leads to about twice the value required by eq. (3). 
An additional large contribution to the spectral function, of the opposite sign 
and at high energy, can be invoked to correctly normalize the form factor. 


(0) Y. Karayama and M. TAKETANI: to be published. 

(1) G. F. Caew: Annual Review of Nuclear Science (Palo Alto, California, 1959), 
vol 9/p 29: | 

(2) W. Frazer and J. FULCO: Phys. Rev. Lett., 2, 365 (1959); Phys. Rev. (to be 
published). ] 

(15) The pion-pion resonance determines the gross shape of the spectral function 
and provides a factor of &16 at the peak. Its sign can be reversed by reversing the 
of the strong S- and P-wave scattering. It is also consistent 


isotopic spin assignments 
e the same S- and P-wave scattering in 


with crossing symmetry and unitarity to hav 
both [=1 and [= states. In this case the two pion contribution to the vector spectral 


function would vanish. 
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Reversing the argument, we conclude that the desired high-energy behavior 
of the spectral function is possible if it has the above large value at low 
energies. 

The gaps left in understanding electromagnetic mass differences prevent 
us from drawing a firm conclusion about the ar] KK) matrix element. If 
eq. (1) should indeed describe the mass difference, our argument in favor of 
a large spectral function and strong pion—K-meson scattering would be 
stronger and the proposed pion-pion resonance would then play a striking 
role in accounting for the unusual mass difference. As it is, we shall have to 
obtain the first quantitative information on our matrix element from the anal- 
ysis of K-nucleon scattering (14) or from the residue of a pole in the ampli- 
tude for the reaction K~-- p >rt+x-+/A° that has been proposed to deter- 
mine the pAK parity (1°) Finally, it would be of interest to know if a solu- 
tion of the type discussed here can be found for the self-consistent equation 
for pion — K-meson scattering of the Chew-Mandelstam type ("). 


I would like to thank Professor RoBERT KARPLUS for many illuminating 
discussions. 


(14) F. FERRARI, M. NAUENBERG and M. PUSTERLA: University of California Ra- 
diation Laboratory Report UCRL-8985 (unpublished). 

(15) G. F. CHEW and F. Low: Phys. Rev., 118, 1€40 (1959); L. B. Oxun’ and 
I. Ya. PowerancHUK: Zur. Eksp. Theor. Phys. U.S.S.R., 36, 300 (1959) (translation: 
Soviet Phys. - JETP, 9, 207 (1959)). 

(8) G. F. CHew and 8. MANDELSTAM: University of California Radiation Laboratory 
Report, UCRL-8728 (unpublished). 


RIASSUNTO 


Si esamina la possibilità di ottenere informazioni sull’interazione r-K dall'esame 
della differenza di massa fra K* e K° osservata sperimentalmente. La fr 
parte vettoriale della carica del mesone K che risiede nella nuv 
tuisce il parametro determinante del problema. Tale 


azione della 
ola dei due pioni costi- 
net parametro deve essere maggiore 
di uno affinchè si possa dare una semplice interpretazione dinamica alla differenza di 
massa. Relazioni di congruenza che derivano dallo studio dello scattering x-K impongono 


he la frazione di carica debba avere un valore interno all’intervallo — 2 < fx < 2. 


i=) 
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|AS|=1, |AI|= > Rules with Two Charged Intermediate Boson Fields. 


B. D’ESPAGNAT 


CERN - Geneva (*) 


(ricevuto il 29 Giugno 1960) 


Summary. — The rules |AS|= 1 for non leptonic decays and|AI|= } are 
accounted for by a theory in which weak interactions are due to charged 
intermediate bosons that have no neutral counterpart. Leptonic decays 
of strange particles where the total charge of the leptons is zero are 
thereby forbidden, in accordance wiht experiment. Observable differ- 
ences with the prediction of the Lee and Yang theory are discussed. The 
theory gives arguments in favour of the existence of a decay mode of 
the cascade particle into a nucleon and leptons with a coupling constant 
equal to that of the leptonic decay mode of the A, i.e. with a decay rate 
about twenty times smaller than the rate for the normal E-decay. 


1. — Introduction. 


In a recent paper (‘), LEE and YANG investigated the consequences of the 
following three propositions: 
i) All weak interactions are transmitted through an intermediate boson 
field w. 


ii) The A}, AK} mass difference is small (<10-5 eV), or, in other words 
there are no AS = +2 among the usual non leptonic weak interactions. 


iii) The |AI|= + rule holds for the strangeness non conserving decays of 
particles, where I is the total isospin of the strangely interacting particles 
This investigation led them quite naturally to a scheme in which 


(*) On leave of absence from the University of Paris. 
(1) T. D. Lee and C. N. YANG: to be published. 
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a) There exist two complex intermediate boson fields w and w®, repre- 
senting altogether four kinds of particles w*, w-, w,, W, which bear some 
similarity with the K*K~ K{K} complex. 


b) These fields have dual isospin properties in the sense that they be- 
have as components of an isospinor when coupled to the strangeness-non-con- 
serving current and as an isoscalar and the components of an isovector when 
coupled to the strangeness-conserving current (?). For that reason they are 
called schizons. 


Although the schizon scheme is attractive it is not a unique consequence 
of propositions i), ii), iii). In the first place it can be modified and generalized 
by keeping assumption a) and dropping assumption b) so that the w’s are not 
schizons any more. This rather trivial generalization is briefly described in 
Section 4 together with its experimental implications. The main purpose 
however, of the present paper is to describe an altogether different theory 
which assumes the existence of four charged intermediate bosons w*, w_, v*, V—~ 
(i.e. two complex boson fields) and of no neutral ones. It is shown below 
(Section 2) that propositions i), ii) and iii) are compatible with such an as- 
sumption, ili) being either an exact statement or a statement which is exact 
only in the limit of an infinite intermediate boson mass, depending on the 
choice of the parameters. In the latter case the |AI|>3 admixtures due to 
a finite intermediate boson mass are discussed and shown to be small for 
reasonable values of the parameters involved. 

The main interest of a theory based on charged intermediate bosons only 
is that it implies the validity of a fourth proposition: 


iv) All decays that involve one lepton pair among the decay products 
are strictly forbidden apart from electromagnetic effects when the total charge 
of this pair is zero. 


This fact is important, for proposition iv) is indeed as well rooted in ex- 
perimental facts as proposition iii) for instance. In order to keep this property 
in mind, we suggest that the w and v particles should be called « vetons ». 

LEE and YANG (!) have described a number of observable predictions of 
the schizon theory. Many of these are the same in the veton theory but some 
others are different and could serve as experimental tests between the two 


schemes. A detailed comparison of the predictions of the two theories is made 
in Section 4. 


(*) In this respect also, the Lee and Yang w particles are rather similar to the K’ 8, 
particularly if one thinks of the « M space» interpretation of the |AI|=4 rule 
(B. D’EsPAGNAT, J. PRENTKI and ‘A. SALAM: Nucl. Phys., 5, 447 (1958)). é 
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2. — Non-leptonic interactions. 


The simplest way to write down a four-baryon interaction that satisfies 
the |AI|=4 rule is to multiply an isoscalar current with a current which is 
the component of an isospinor; here it is, moreover, required that these cur- 
rents should be charged. This leads in a straight-forward way to the weak 
interaction Lagrangian 


(1) "= (#-N)(pA) +h.e., 


where (as everywhere below) the factors iy (1+ys) corresponding to the V—A 
coupling scheme are assumed to be present inside each bracket and where 


(E£-N) means the scalar product of the two isospinors (£,, Z_) and ("): 
n 


(2) (EN) = (Ë0p) + (En), 


(£:N) is an isoscalar and (pA) is a component at an isospinor so that (1) 

ives a strict |AI|=+ rule. This is true to any order in the strong inter- 
2 My 8 

action coupling constants and implies no assumption whatsoever as to the 


Unni 


relative values of these coupling constants or of the N and & masses. Eq. (1) 
on the other hand involves no neutral current. These simple facts make (1) 
suitable as a starting point for the development of the theory and indeed are 
the basis of the two schemes A and B described below. Eq. (1) however in- 
volves no strangeness-conserving current so that some transformations or 
adjunetions are necessary before it can be used. 

2'1. First simple model. — Eqs. (1) and (2) give 
(3) L'= (S,)p(pA) + (&_n)(pA) + D. c.. 
By taking advantage of the identity 


(4) (P1Y2)(YaŸa) = (PsY2)(YiYs) 


one can now exchange £_ and p in the second term of (3). This gives 
(5) L'= (Ep)(pA) + (pn)(£_4) +h... 

L' is a part of 

(6) L'=(apn+a4E)(anp + a &_A) + (bp By + b-15A)(bEp + b Ap), 


19 - Il Nuovo Cimento. 
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a and b being arbitrary real coefficients, and indeed L" is the only part of L' 
which can contribute to the non leptonic decays of strange particles, for the 
other terms in L' all have AS — 0. Therefore L’ also satisfies a strict | AI|= 3 
rule. To the first order in L' there is, moreover, no AS = + 2 transition in 
agreement with recent experimental results (*). Thus L' is consistent with 
both propositions ii) and iii). 

The assumption that weak interactions are due to intermediate bosons 
(proposition i)) can now be easily introduced. Let us define two complex 
vector fields w, and », which describe two charged bosons of each charge 
(the index y is dropped in what follows) and let us replace L' by 


(7) L= [f(pn) + R(AE)h + [f( PS) + f(PA)]o + h.c., 
with the condition 


(8) hh = ae ) m, = My) 
which ensures that, in the limit m, =m, =o, eq. (7) produces the same ef- 
fects as (6). In the limit m, = m,= oo, (7) therefore describes non-leptonic 
decays that obey strict 
n° |AI|=3, |AS|=1 rules. If, 
on the other hand, the mas- 
ses m, and m, are chosen 
large but finite, the |AS|=1 
rule remains strictly valid as 
before but, in contrast to 
what happens in Lee and 
Yang’s case, the |AI|=1} 
rule becomes approximate 
(even with absence of electro- 
magnetic interactions). This 
is due to the fact that the 
finite intermediate boson 
masses make L' a non-local 
interaction, with the effect 
that there is no more a strict 


(b) (b') identity between (3) and (5). 
Fig. 1. - Some lowest order graphs in A-decay, the As an illustration of how 
weak interactions being described by (7). the weak interaction effec- 


(*) F. Mutter, R. W. BIRGE, W. B. FowLER, R. H. Goop, W. 
MATSEN, L. Oswatp, W. M. Powezz, H. S. Ware and 0. PICCIONI: 
4, 418 (1960). et 


Hirscu, R. Pi 
Phys. Rev. Lett., 
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tively operates in a particular case, Fig. 1 shows some of the lowest order 
graphs pertaining to A-decay. It is interesting to notice that graphs of types 
(a) in Fig. 1 give a strict |AI|=4 rule irrespective of the veton mass while 
graphs of type (b) give a AI=3 admixture which vanishes only for infinite 
veton masses. A similar distinction holds of course for higher order graphs. 
Under such circumstances a reliable estimate of the AI= 3 admixture as a 
function of the intermediate boson mass is not easily obtained. It seems, 
however, that for a mass of the order of the nucleon mass this admixture is 
presumably rather small (4), even in the simplified version here described. 
One can, however, make it even smaller by generalizing the theory in the 
manner described below. 


2°2. Second simple model. — Another, remarkably simple model (5) which 
satisfies propositions 1), ii), iii) and iv) is obtained directly from (1), by assuming 
that interaction (1) is due to an intermediate boson v. It is 


(9) f(pn)w + f[PE) + WE) + f,(PA)o + h. e. . 


Indeed, proposition iii) is in this model an exact statement for any value 
of m,: this follows from the fact that, if v is considered as an isoscalar (5), 
the terms which multiply f, and f, are an isoscalar and an isospinor component 
respectively. As for the term in f, its necessity appears in connection with 
leptonic couplings and the description of $ and pion decays. 


2°3. A more general version of the theory. — A more general version of the 
veton theory, which admits (7) and (9) as special cases, is obtained by applying 


(4) Preliminary lowest order calculations gave roughly 50% AZ=3 admixture 
under the most unfavourable and highly unlikely assumptions that all graphs (a) of 
Fig. 1 are negligible, that m,—0 and that the cut-off is infinite. 

(5) If the existence of an unstable and (e.g. positively) charged baryon X* having 
hypercharge 2 and isospin zero is postulated, then propositions i) to iv) can be made 
exact statements by choosing a weak interaction Lagrangian of the type 


f(pn)w + [f'(X4A) + f'(pA)I + hc. . 


This interesting fact, which was pointed out by Dr. PRENTKI in a private discussion 
of the ideas here described, has led the author to consider the simple interaction La- 
grangian described by (9) and by scheme B below, which has the same property with- 
out having the disadvantage of postulating the existence of a new particle. Our 
thanks are due to Dr. PrenTkK1 for this suggestion and other critical remarks on the 


content of the theory. 
(5) An isopseudoscalar if reflections are considered (B. D’'EsPAGNAT and J. PRENTKI: 


Nucl. Phys., 1, 33 (1956)). 
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(4) to a fraction only of the second term in (3) and by applying to the resulting 
expression the same arguments as those which lead from (5) to (7). The result is 


(10) L = [f(pn) + f(A Zw + Ti + f9 (PE) + fa E) + fo(PA)]0 + h.c. 


with 


(8) ASA. 


(10) leads to an exact |AI|=4 rule for an infinite veton mass. It reduces 
to (7) for f{=0 and to (9) for f, — f, — 0. Eq. (9) gives no |AI|>3 admix- 
ture whatsoever. Therefore, if y is, for a given process, the ratio (discussed 
in Section 2°1) of |AI|>3 to |AI|=4 matrix elements that follow from (7) 
alone, this same ratio takes, with Lagrangian (10), the (smaller) value 


i ñ 
if Y = à 
va re 


where « is the ratio of the |AJ|= matrix elements produced by (7) and (9) 
respectively when f,=f,. As a matter of fact x & 1 whenever y is not too 
large. Eq. (11) is used below for a rough quantitative estimate of the 
|{AI[>3 admixture with special choices of the parameters. 


3. — Leptonic couplings and specification of coupling constants. 
The leptonic interactions of vetons are given by the Lagrangian 
(12) L, = [f,(ve_) + f,Wu)h0o+ (Ge) +f, (#4) + h. ce. (7). 


The leptonic decays of strange particles then take place through the emis- 
sion of a virtual veton by (10) followed by its absorption by (12). This has 
a first important consequence: owing to the fact that both (A7) and (pA) 
are components of isospinors, all decays of strange particles which involve a 
lepton pair among the decay products obey a strict |AT| = 4 rule, where I 
is the total isospin of the strongly interacting particles in the initial and final 
states. They therefore also obey the AQ/AS =1 rule which is a consequence 
of the former (and of the fact that the lepton pair is charged). The situation 
is thus identical in this respect to the one which prevails in the schizon theory. 
The numerous consequences of these rules have been explored before, espe- 


(7) For the sake of completeness let us mention here that v and »' could be ex- 
changed in one of the square brackets of (12). 
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cially by FEYNMAN and GELL-MANN (5) and by OKUBO, MARSHAK, SUDARSHAN, 
TEUTSCH and WEINBERG (°). 

The next problem is to choose the coupling constants in (10) and (12) in 
such à way as to correctly reproduce the experimental data. The most im- 
portant of these is the near equality between {-decay, x-decay and u-decay 
coupling constants which gives 


(13) LL 


Another important fact is the existence of leptonic decays of K particles 
and the existence and relative scarcity of 


(14) Nes pile +V. 

These facts are compatible with relations 

(15) ff + tal. © fal + fat, © 0.26 ff. 
Finally, the AS = 2, leptonic decays 


2° >p+te+vVv 
(16) 


me >n+e +) 


have not been observed, although phase-space calculations show that their 
rate should be almost equal to the observed &-decay rate if the relevant 
coupling constant were the same as in f-decay’s. Considering that nearly 20 
E-particles have been observed up to now, this gives the two inequalities 


(17) (fi + ff < 9-25 fife 


where f,,, stands for f, and f,. 

It is rather unfortunate that the experimental information on processes (16) 
is so meagre. In what follows two models are described which correspond 
to the two extreme assumptions (A) that (16) is completely forbidden, and (B) 
that (17) is very nearly an equality. 


Scheme A. — Here we assume that neither (16) nor the corresponding 


u-decay can happen, i.e. that 


(18) a. 


(8) R. P. FeynMann and M. GELL-MANN: Phys. Rev., 109, 193 (1958). 
(*) S. OxuBo, R. E. MaRsHAK, E. C. G. SupARsHaNn, W. B. TEUTScH and S. WEIN- 


BERG: Phys. Rev., 112, 665 (1958). 
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(13) then gives 


(18°) h=f—= 
and with (8) and (15), (10) becomes 
(19) L=f,[(pn)+0.25 (AZo) w+ [(f, + fe)(P Zo) + (RE) +02 25 fif, (DA)]-+b.c. 


i 1 NO ates i or Tl i 1 ] 
The conventional f and y-decay coupling constants g, are then essentially 
O È ARENA AN 1 I 
proportional to f; while the Fermi coupling constant g, relative to non leptenic 
decays is proportional to 


SR 


In the present state of knowledge this gives only a very rough upper limit 
for A which one may tentatively choose as 


(20) 0 0 


Eq. (11) then shows that, with the estimate y < 50% obtained in Section 2°1 (4), 
the upper limit of the relative amount, y', of |[AI]>3 admixture produced 
by Lagrangian (19) when the veton mass is finite can be very small: it is less 
famed Mon ad con ga: 

Similar considerations apply to possible extensions of scheme A that would 
make it consistent with the conserved current hypothesis (5). It this hypo- 
thesis is correct, then supplementary terms are needed in (10) which, in con- 
trast with the previous case, give |AIJ|—> 3 admixtures that do not vanish 
even for an infinite veton mass. The relative amount y’ of such admixtures 
still satisfies, however, relation (11) (where y is the value of y' for f, — 0) as 
is apparent from the fact that (9) leads to a strict |AT|=} rule whatever 
modifications are made to the strangeness-conserving current coupled to w. 
Under these conditions y' can be made reasonably small provided y is not too 
large. This, in turn, is presumably the case, also here, whenever graphs of 
type «a» in Fig. 1 are not negligible as compared to graphs of type «b». 
It may finally be noticed that y is particularly small if t, Z and K particles 
are considered as compounds whose couplings to the E are only moderately 
strong: the conserved current hypothesis is then satisfied by the simple ad- 
junction of a (E,E-)w interaction whose effects, independently of all other con- 
siderations, are intrinsically small. The foregoing discussion shows that scheme A 
can be made to fit all presently established experimental facts by suitable 
choices of the parameters and with any reasonable choice for the value of the 
veton mass. It also shows, though merely on the basis of rather qualitative 
arguments, that it could be adapted to the conserved current hypothesis. It 
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should be recognized, however, that this latter point is open to discussion for, 
if the conserved current hypothesis would prove to be strictly correct, scheme A 
would look somewhat artificial. 


Scheme B. — Here we assume that (17) is nearly an equality (which means 
that decays (16) should be observed in the near future). The leptonic decays 
of strange particles can then be entirely attributed to the v-particle acting as 
intermediate, or, in other words, one may put 


(21) fef=0. 


L then takes the simple form given by eq. (9). Immediate consequences of 
this are that the |AI|=4 rule is strictly valid (apart from electromagnetic 
corrections): 


a) for any (finite as well as infinite) value of the veton mass; 


b) also if the conserved current hypothesis is made ((pn) in (9) being 
replaced by J, the strangeness conserving current whose vector part is di- 


vergenceless). 


Relations (15), (17) and (21) give 


! ! 

| te = 1 ? is ai di ? 
Di ; 2 12 
(22) ! Aa Lede 

! / 9 12\ 44! 

MESSE CUS ARTE 
and the condition that the Fermi coupling constant for non leptonic decay 
gi cc f, and the conventional B-decay coupling constant g,ocf,f, should be of 
comparable orders of magnitude sets a further, loose, requirement which can 
be satisfied in a variety of ways. As an example, we mention here the simple 


. . I 1 
noie a = 2 2: 
Scheme B is attractive in that: 


a) it is strictly consistent with the propositions i), ii), iii) and iv) stated 
in the introduction, for any veton mass value; 


b) its generalization, so as to incorporate the conserved current hypo- 
thesis, is trivial and finally; 
c) it can be easily generalized and given interesting symmetries. 
As an example of the latter point, one may mention the following general 


ization of the non leptonic interaction Lagrangian 


(23) L=f,Jw+f.[N-2)+(N-Z) + (Y-2)w+h.c., 
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where J is the strangeness-conserving current and Y, Z are the two well-known 
doublets (19) made of &’s and A. 

On the other hand, scheme B definitely predicts the existence of the decay 
modes (16), the decay rates for (16) and for the leptonic A-decay being both 
weaker than the values predicted from universality by roughly the same factor. 


4. — Observable differences between the veton and schizon theories. 


41. Pseudo-schizons. — Before discussing the similarities and differences 
between the veton and schizon theories, it is perhaps appropriate to mention 
very briefly two rather trivial generalizations of the latter. One of them is to 
rewrite formulae (23) and (24) of Lee and Yang’s paper as 


(24) f.(Ap)w* + f, ‘(An)owo* + h, e., 

(25) Amp} — 4f,[(Dp) — (Wn) ]o* + h. e. , 
with 

(26) fh = ff 


The other one is to add to these Lagrangians a term 
(27) fs[(pp) + (mn)lw* + h. e.. 


Both these generalizations can be made simultaneously. Each of them 
destroys the isovector behaviour of the « schizons » when coupled to the strange- 
ness-conserving current (with the result that they are not true « schizons » any 
more) but the validity of propositions i), ii) and ili) is identically preserved, 
for any value of m,. The proof of this statement (particularly concerning iii)) 
is elementary: as regards the first generalization (f, + fi) it relies on the fact 
that in any AS=-+1 decays a charged w which is emitted with f, is neces- 
sarily reabsorbed with f, and conversely so that only the product j,f, comes 
in (and, similarly, the product he for w°); as regards the second generalization 
it is simply adding an isospinor component to a Lagrangian which was already 
poms etd to be an isospinor component. The Lee and Yang scheme so 
enlarged will be called, for brevity, the pseudo-schizon theory. 


4°2. Experimental predictions with pseudo-schizons. — These are almost 
exactly the same as with the schizons. Indeed the only real change is that 
. 5 0 | | 
N e 1 > CE 0 ° . 
the relations between w~ and wi, w) decay rates into pions and kaons 
DI A wi R \ | Q 
(eqs. (45) and (47) of ref. (*)) get lost. Also the upper limits on the lepton 


(19) M. GELL-MANN: Phys. Rev., 106, 1296 (1957). 
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couplings to w° have of course to be somewhat modified. Apart from this 
all the predictions derived in ref. (‘) from the schizon theory are valid for the 
pseudo-schizon theory (including those which stem fron the fact that the 
charged current J is a component of an isovector). This generalization of the 
Lee and Yang scheme is not therefore of a critical interest for experiments. 


4°3. Experimental predictions with vetons. — If scheme B (Section 3), is correct 
E-decays into nucleons and leptons should be observed in the near future. This is 
an essential difference with the schizon scheme which completely forbids such 
modes of decay (at least to the 1-st order in weak interactions which are the 
only relevant ones in such problems). As such experiments are comparatively 
easy it is not necessary to discuss any further the more subtle differences between 
the predictions of the schizon theory and of the veton theory in its version « B ». 
The remainder of this section is thus concerned with observable differences 
between the schizon theory and the veton theory in its version « À », 7.e. when 
such modes of E-decay are forbidden by both theories. 


a) Processes involving no real veton. As long as no (real par- 
ticle) veton is created, the predictions of the veton scheme A are essentially 
described by propositions i) to iv) of Section 1, i.e. are substantially the same 
as those of the schizon theory. The two main differences are 


a) that the veton theory strictly forbids any strange particle decay 
with a lepton pair of total charge zero among the decay products; 


b) that, for non-leptonic decays, scheme A predicts some amount of non- 
electromagnetic |AI|>3 admixture when the veton mass is finite and/or when 
the conserved current hypothesis is made (as discussed in Section 8). 

Also in the class of phenomena with no real vetons are the decays 


Do AS ee oy 
(28) 3 
xt—>A+etty 


and the inverse u capture processes 


neuen 
(9) ! Vpn +p+r! 
|v pu +p+rt 


and, more generally, 


(30) 
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where T and I’ are complexes of strongly interacting particles with total 
strangeness zero. Al these phenomena proceed through w only and, more 
precisely, through the term f{pnhw in (10), where (pn) is a component of an 
isovector: therefore all the conclusions drawn in ref. (*) for such processes using 
the schizon theory are also valid in the veton theory, schemes A and B. The 
detailed experimental study of such processes would therefore offer no clues 
for a discrimination between the two theories. The same remark holds for 
the reactions 


yen aise Ore) NICE CA Sam 
(31) 


yop ur or NUE A, 


which proceed through the isospinor components (AZ_), (pA) and therefore 
obey |AI|=4 exactly. 


B) Processes involving the creation of vetons as real par- 
ticles (scheme A). If the vetons are created using a beam of v', or if they 
are created in a process which involves strongly interacting particles and has 
AS — 0, S being the total strangeness of the initial and final systems of strongly 
interacting particles, then (18) and (19), respectively, show that only type w 
vetons are created. If on the other hand these vetons are created in a process 
which involves strongly interacting particles and has AS = + 1, both w and v 
can be created. Examples of such processes are 


(32) nm + p—> 2 + (wt or v*), 
(33) Kt+p—>p +(wt or vt). 


Finally, if these vetons are created in a similar process with AS = 4 
such as 


| 
bo 


(34) Kt4+p>Zt+ vt 


only v vetons can be created. 
È oe the other hand, the w-decay modes are ey, wv, 27, 97, LKR ET, 
<--y etc., whereas the v-decay modes are essentially K + m, K+y, K+27 ete. 


. > _ . i 
and possibly K-+K. The branching ratios for the decay of vetons of a given 


charge are therefore very different according to whether these vetons are all w 
all v or a mixture of both, i.e. from what was said above, depending on their 
mode of production (!!). Nothing of that sort takes place in the schizon 


(1!) We are indebted to Professor YANG for this remark. 
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theory where there is only one type of charged schizon: this offers therefore 
in principle a means of discriminating between the schizon and the veton 
pictures. In practice let us consider for instance the processes with « appa- 
rent» change of strangeness (see ref (1) section 10) 


(35a) A+Kt+erty, 
a n ! 
ee) K'+p>A+Kt+wt + n: 
(350) A+Kt+rt+7°, 
(35d) A+Kt+art+y. 


In the schizon theory the final states can only be obtained from the initial 
state through the intermediate channel A+K*-+w~, as shown in (85) (creation 
of a real w* which subsequently decays). The branching ratios for (35a, b, €, d) 
are. therefore the same as those of 


(56a) Ye SASS ey ay 
36D) ue + n + ptt vy’ 
y= Pe 4 De we oll 

(36¢) Ua eS Gis 
(36d) he Suh ger ay 


In the veton theory, on the other hand, the final states in (35e, d) can also 
be obtained through 


(376) IN ene eae 
K+po>A+rnt+vt > 
(37d) ; Atnrt+Kt+y. 


These contributions add to (35e, d) with the result that the net branching 
‘atios for the overall processes described by K*+ p — final states of (35) be- 
comes different from what they are in (36). The experimental discrimination 
between the two theories consists therefore in this case in picking out the events 
K++ p — all final states of (35) (which, if they exist, should be discriminated 
from ordinary interactions through the change of strangeness they exhibit) 
and in comparing their relative amounts to the relative amounts of v'+p — all 
final states of (36). The same method can be used in pp collisions (replace 
K*+p by p+p and A by 2A in (35) and (37)). 

Another difference between the schizon and veton theories is that appa- 


rent processes such as 


Kt+p->X}+Kt+"n° 


(38) 


Kt+p>X3*+KtT+7n* 
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which also fall in the class of processes with apparent change of strangeness 
discussed in ref. (1), Section 10, can happen if the veton theory is correct (the 
intermediate real state is then Z2*+v*) but are forbidden in the schizon theory 
The same is true for 

A+Z*+Kt+ "n° 
(39) p+ p> 


Ayr Ke oa 


Observation of such «apparent » processes would therefore discriminate in 
favour of the veton theory. 

In the third place the veton theory can, as is easily checked, induce no 
process with apparent AS = + 2, whereas the schizon theory can, due to the 
creation of a real w° (see eq. (52) ref. (1)). Observation of such processes would 
thus discriminate in favour of the schizon theory: so would, of course, any 
other conceivable experiment showing that a w° exists. 

Finally, one may mention the fact that the branching ratio for v and w 
non leptonic decays are the same as those derived in ref. (1) for the charged 
schizon. This follows from the fact that pn, AZ, and pA are components 
of isotopic vectors or spinors. If m,> 2m,, v however possesses a decay mode 
of its own which is 

Wess Ir Se IRS 


The conclusion of this subsection is that at least five experimental means 
of discriminating between the schizon and veton theories can be found. These are 


a) a search for & decays into a nucleon and leptons; 

b) a search for leptonic decays with a leptonic pair of total charge zero; 

¢) a comparison between the branching ratios of (35) and (36); 

d) a search for some special processes involving «apparent» non con- 
servation of strangeness, such as (38) or (39), and 


e) a search for «apparent » |AS |= 2 processes. 


5. — Other forms. 


One may ask at this stage whether the two versions A and B above of the 
veton theory are just two arbitrary examples taken out of a large set of 
qualitatively different Lagrangians that would all Satisfy propositions i) to iv) 
or whether the theory with charged intermediate bosons only is, apart from 
various possible choices of the parameters, reasonably unique. 

The discussion of this problem is rather involved in the case that the 
|AI|= è rule is required only for infinite veton masses because one has then 
the supplementary freedom of transforming any given term by means of (4) 


~~ 
N 
Uni 
mn 
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as is done for instance in scheme A. In spite of this, however, the only alter- 
native to scheme A that we found (1?) is obtained by applying the procedure 
of Section 2°1 to (EN)(A.Z_) instead of (1). The resulting scheme leads, how- 
ever, to difficulties as regards the ratio of 6-decay to u-decay coupling con- 
stants. 

In the case that the |AI|= 3 rule is required to hold exactly for any value 
of the veton mass as in scheme 5, the discussion of possible alternatives can 
be made more rigorous. The AS — +1 currents must be isospinor compo- 


nents, because of iii) for leptonic decays; the AS=0, +2 currents which 
combine with these must then have either J — 0 or I= 1, because of iii) for 
non leptonic decays. Being charged, they satisfy moreover to 


NESTA TI 


If J—0 this relation gives AU= + 2: the only possible choice is then (£- N), 
with possible adjunction of K't,K. Jf 1 —1 the component with 1, = 0 has 


again AU=+2 (as has (Ë-N)) but then the component with I3=F 1 
would have 4Q=0. This shows that (£-N) is essentially the only possible 
AS# +1 current that can be used in |AI|= +43 interactions. As for the 


AS= +1 current, it can be any combination of the isospinor components 
(PA); (AE); (PA) + VIRE); —(DE)+v2(2,5,). 


This gives a qualitative description of all the possible generalizations of 
scheme B. 

One of the most attractive among such generalizations is probably (23), 
which shows that also in the veton theory particles and Lagrangians can be 
given attractive formal symmetries. 

The formal properties of (23) are best described by introducing three 
abstract spaces I,, I, and I_ with the attributions given in Table I. The 
usual isotopic spin space is then the space orthogonal to the 4-th axis in the 
4-space obtained as the direct product of I, and J,. 


TapLe I. — Baryons in abstract spaces. 


| 
| | 
à, la; 17 da TES 
| | | 
| 
Nes PT al 0 0 0 1 | 3 es 
Yor 3 3 Le + 0 0 DANNO 
a G È SSA eae ; 


(12) Except if more than four vetons are introduced. 
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One can similarly define a 3-space E using I, and I_ instead of TA, 
w is then a scalar in I_ and a vector component in I, wihle v is a scalar in I, 
and a veetor component in E. As regards strong interactions, only the invariance 
in I space is postulated. 


6. — Conclusions. 


It has been shown that the veton theory can receive at least two quali- 
tatively different formulations. Both of them are in agreement with present 
experimental knowledge. Both of them lead to predictions which are in some 
respects different from those of the schizon theory. For one of them (scheme A) 
these observable differences, which are described in Section 4, bear on the 
results of some of the experiments, suggested by LEE and YANG in order to 
test the validity of the intermediate boson assumption. This first formu- 
lation (scheme A), although it is not as «natural» as the schizon theory 
(cf. Section 3), is therefore a possible alternative to it, to which the absence 
of any observed neutral leptonic current effects (proposition iv) in Section 1) 
gives some preliminary support and which could be proved or disproved by 
experiment. The other formulation (scheme B) differs from the schizon theory 
in that it definitely predicts the AS— 2 leptonic decay of the E (reactions (16)) 
which is completely forbidden in the schizon theory as well as in scheme A. 
If scheme A is correct, these decays should occur with a decay rate propor- 
tional not to the square of the £-decay coupling constant but to the square 
of the, weaker, A leptonic decay coupling constant: their branching ratio against 
normal #-decay should then be (1%) 1:20 to 1:50. Scheme B is on the other 
hand much more «natural» from a theoretical point of view than scheme A 
(see Sections 3 and 5) and, indeed, can be compared with the schizon theory 
in that respect, with of course the supplementary advantage that it implies 
proposition iv) of Section 1 on the absence of neutral leptonic current effects. 
For these reasons an experimental study of the leptonic decay of the E, and 


a particular search for processes (16), would be of considerable interest for 
the theory. 


The author would like to express his sincere thanks to Dr. J. PRENTKI 


and to Professors Y. YAMAGUCHI and ©. N. YANG for illuminating discussions 
on the content of this article. 


(13) We use the « Table of the leptonic decay rates of the hyperon» by Y. Yama- 
GUCHI: CERN report No. 59-18 (1959). i! 
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RIASSUNTO (*) 


Le regole |AS|= 1 per il decadimento non leptonico e |AI|=4 sono giustificate 
da una teoria in cui le interazioni deboli sono dovute a bosoni intermedi dotati di carica, 
che non hanno un corrispondente neutro. I decadimenti leptonici delle particelle strane 
in cui la carica totale dei leptoni è zero, sono quindi proibiti, d’accordo con gli espe- 
rimenti. Si discutono le differenze osservabili con la predizione della teoria di Lee ed 
Yang. Sebbene il modo di decadimento leptonico con AS=2 delle particelle delle cascate 
possa anche essere proibito, per una opportuna scelta dei parametri, la teoria dà tuttavia 
alcuni argomenti a favore della sua esistenza, con una costante di accoppiamento uguale 
a quella del modo di decadimento leptonico del A, cioè con una velocità di decadimento 
circa venti volte più piccola della velocità del normale decadimento &. 


° (*) Traduzione a cura della Redazione. 
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On Some Compound Models for the Strong Interactions. 
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(ricevuto il 30 Giugno 1960) 


Summary. — In this work, the possibility that the strongly interacting 
particles are compound structures of fundamental Majorana fields is 
investigated from the point of view of their symmetry properties, assu- 
ming that the strong interactions possess larger symmetries than the one 
leading to the baryon number, isotopic spin and strangeness conservation. 
The problem of the parity conservation in the investigated theories is 
also discussed. 


1. — The problem of the understanding of the main properties of the strong 
interactions has been recently examined by THIRRING (1-2) from the point of 
view of determining the minimum number of fundamental fields which are 
necessary in order to guarantee the conservation of baryonic number, isotopic 
spin and strangeness. The result of this investigation is that it is necessary 
to introduce 6 Majorana fields 7.¢. 3 Dirac fields if one requires that the theory 
which is CP invariant by itself, becomes separately C and P invariant, while 
if one renounces to this condition three Majorana fields are sufficient. It is 
quite apparent that this result leads in a certain way authomatically to the 
Sakata model and, in fact, in the work of THIRRING the three fields are iden- 
tified for their quantum numbers with the p, n, A. 

But it is quite possible that the strong interactions possess larger sym- 
metries than the symmetries which lead to the baryon number, isotopic spin 
and strangeness conservation and in fact many authors in the last years 


(*) W. THIRRING: Nucl. Phys., 10, 97 (1959). 
(2) W. THIRRING: Nucl. Phys., 14, 565 (1960). 
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have pointed out such a possibility. The starting point of all these attempts 
is the idea of the splitting of the four hyperon states with zero hypercharge 
into two doublets according to Gell-Mann’s assumptions leading to the so called 
doublet approximation formulated by Tromno (3) and "DALLAPORTA (?) and 
extensively discussed by PAIS (*). Recently in a series of papers (°*) the pos- 
sibility has been pointed out that the K interactions are invariant with respect 
to rotations in a four dimensional (hypercharge) space. This invariance leads 
to the so called hypercharge and hypernumber independence. The hypercharge 
and the hypernumber are transformations mixing respectively, the hyper- 
charge, the nucleons and the & baryons and the hypernumber, the X, A hype- 


Uan) = 
= 0 Len 


rons, in the same way in which isotopic spin mixes p-n, X*-Y,, Z-2 , E°-E 

Although these invariances are partly destroyed by the perturbation which 
splits the masses of the baryons and the effect of which is considered in (°*), 
the possibility that such extended invariance could be a property of the fun- 
damental interactions should be of importance for their understanding in a 
more fundamental theory than the present attempts. In this case it can 
be of some interest to extend Thirring’s method to such a symmetry group 
and to see what is the minimum number of fields necessary to describe the 
strong interactions which would guarantee not only baryon number, isotopic 
spin and strangeness conservation, but also hypercharge and hypernumber 


independence. 


2. — According to the previous discussion we shall start from a symmetry 
group larger than the one examined by THIRRING, i.e. the group containing 
baryon number, isotopic spin, hypercharge and hypernumber invariance and 
we shall develop a compound model theory which is invariant under this high 
symmetry group (which in the following will be denoted by HSG). 

We assume that the n fundamental fields of the theory are all Majorana 
fields and therefore that the bosons are Fermi-Yang type compound structures 
of them. It is known (*) that the free lagrangian and the commutation rules 
of n Majorana fields are invariant under the n-dimensional unitary group if 
they have vanishing masses but are only invariant under the real orthogonal 


(3) J. Tromno: Nuovo Cimento, 6, 69 (1957). 
(4) N. DaLLaporta: Proceedings of the Conference on Mesons and recently discovered 


| particles, 5, 3 (Padua-Venice, 1957); Nuovo Cimento, 7, 200 (1958). 


(3) A. Pars: Phys. Rev., 110, 574 (1958). 

(6) N. DALLAPORTA and T. Toyopa: Nuovo Cimento, 12, 539 (1959). 

(7) N. DaLcaporta and T. Toyopa: Nuovo Cimento, 14, 142 (1959); N. 
gortA and V. DE Santis: Nuovo Cimento, 14, 225 (1959). 

(8) N. DaLcaporta and L. K. PANDIT: Nuovo Cimento, 16, 135 (1960). 


(9) B. TOUScHEK: Lectures given at the International School of Varenna (1959). 
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n-dimensional group if the Majorana fields masses are equal but not vanishing. 
These groups are represented respectively by the transformations 


(1) P'—= exp [A +, S1T, 
(2) PI exp [AÏY, 


where A is the most general real and antisymmetric n x n matrix, S is the 
most general real and symmetric n Xn matrix and W denotes the set of» 
Majorana fields. 

Thus, the problem is to find a n-dimensional representation for the HSG 
whose representative space is mapped by the n fundamental fields, and which 
is a subgroup of the transformation group (1). Moreover if we want that the 
fields have non-vanishing masses, this representation must be contained in 
the transformation group (2) or in a subgroup of (1) isomorphic to the group (2). 

The HSG’s generators are the ten hermitian operators representing the 
baryon number N, the isotopic spin T,, the hypercharge Y, and the hyper- 
number Z; (i =1, 2, 3), and the Lie algebra of this group is expressed by the 
following commutations rules 


CSI PR TD 3 - (Ze Sal Ze, IT Peer + eye ; 
[Ya Zi = (Xi, Ti] = 12, Ti) =IN, T1 = LY, Y= LW, ZL =0 


Moreover we shall consider the unitary and space-time independent operator R 
with the commutation rules 
(4) LRU, ZT 0 (iN == 05 
ER therefore represents the charge conjugation or more precisely the spinor 
conjugation. This transformation is the product between the charge and the 
boson conjugation, the last being a particular transformation of the HSG (1). 
From the commutation rules (3) we can see that the HSG can be decom- 
posed into the direct product of four groups; three of them are 3D rotation 
groups corresponding respectively to the isotopic spin, hypercharge and hyper- 


number rotations, and the other is the 2D rotation group leading to the baryon 
number conservation 


HIGH bee hee 


Therefore all the irreducible representations of the HSG can be obtained as 
the direct product of irreducible representations of these groups. The required 


10 JDIN Ÿ 
(9) P. Bupinr, N. DALLAPORTA and C. Fonpa: Nuovo Cimento, 9, 316 (1958). 
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representation (which should not be necessarely irreducible) must generally 
be a direct sum of these irreducible representations. | 

In order to select all the possible representations it is necessary to verify 
if we can build the real baryons and bosons with their correct quantum numbers 
(see Table I, ref. (§)), as compound structures of the representative vectors. 
In particular the baryons must be built up with an odd number of funda- 
mental fields in order to assure the connection between spin and statistics 
according to the Pauli principle. 

First we do not consider the baryon number and we restrict to the group 
R, <REXR. If we consider only scalar and spin one half representations of 
the 3D rotation groups, only the following irreducible representations are 
possible: 


Dimension 
DX XK DI 1 
SOSIA 2 
DKDX D 2 
DT a 2 
DXDX D 4 
DD Xo, 4 
LORDA 4 
DAD D. 8 


Since some real baryons belong to the zero representation and some other to 
the one half representation of the hypercharge and hypernumber, these two 
possibilities must appear together in the required reducible representation. 
Moreover, also the one half representation of the isotopic spin must appear. 
Therefore the simpler possibilities are: 


Dimension 
A) DBXDXD+DXDXBtDRXDXK D, 6 
(5) ù / I ! " 
B) D, X D, X D, + DX Do X Dj: 8 


In order to introduce also the baryon number, we note first that all the 
irreducible representations of the 2D rotation group have dimension one. Now, 
we consider only the representations 7° and MH” corresponding respectively 
to fundamental fields having baryon number 0 or 1. 

To obtain from representation (5) a complete representation of the HSG 
we can proceed in two ways: i.e., we can take the direct product of the repre- 


Su 
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sentations (5) and X or alternatively we can consider the sum of the direct 
product of representations (5) by X°® and DX D x D,x 4%. Now we must 
get rid of the cases (7, X D, xD, +2 a, Xx DI ab g, x D, x DX U® and 

D X[2, x Dt D, xD 1: UO + 9 SI D! ud because they give us bar- 
yons that do not sati isfy the rec connection between spin and statistics 
and therefore the following representations remain 


Dimension 
A) [2x 2x Di+ D, X D, X D + DX the DIXU® + 
(6) IO DCD N/A 0 7 
By DX CAO SUCCO CA 8 


So far, we have not yet considered the charge conjugation. Since it anticom- 
mutes with the baryon number, it can never be assumed until we consider 
only one-dimensional representations of the baryon number. In order to intro- 
duce charge conjugation we must, therefore, substitute to X the reducible 
Vola 


representation 7 — | a 


ne) so that the representation (6A), becomes: 
(TA) [BX ZX D + D XD XD ED XD X DIX ME DX DXKDRITE 

Dimension 8 
and the representation (6B) becomes: 


I 


(7B) DAD X D + DX DIX Y®: Dimension 16. 


3. — It is now easy to write explicitly in the form A-+iy,S the represen- 
tations of the ten generators of the HSG for the different cases (64), (6B), 
(7A), (7B) previously discussed. 


A) 7 (8) fields theory. — A 7X7 representation of the elements of the 
HSG’s algebra is (*): 


0; 0) 
) 
Yi == Te Vespe Za) pi O; 
0 x hi 0 ’ 
0 0 
(3) 
0 0 
2 0) 
Fe VERA 0 
07 0 b) 
0, 1 


(*) As in ref. (1), we shall indicate with small 
the operators denoted with capital letters. 
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where o, are Pauli matrices, 0 are 2x2 matrices having all their elements 
equal zero, J’; are y; or I according to î=1,3 or î=2. The matrices (8) 
are not all antisymmetric and therefore the fundamental fields bare masses 
must be vanishing. From representation (8) we deduce that if we indicate by 


the set of the 7 Majorana spinors, where y,, #, 73 are pairs of Majorana fields 
carrying respectively hypercharge, hypernumber and isotopic spin, and @ is 
a Majorana field carrying baryon number, the elementary particles have the 
following structures: 


Baryons:. (pn, =, ©) = yy (1 + vol (VIT) = Yo4s(1 + ys)p |0> 


Pions: O SIOE 
K-mesons: Ko=(% %2) 2, (0 : Det 
where 


0 I 0 10; 
a={; o) a=(_ ‘a 


and the K-mesons are related to the K, by the relations: 


K=-K,+iK,,;, Kr Kt 0K,, K=K,—iK,. 


This theory cannot contain the charge conjugation and therefore parity con- 

servation cannot be assured. In order to introduce charge conjugation we must 
0 

0 

use 8x8 matrices instead of 7 x 7 matrices by putting n = y; 0 

O3 


and interpreting as 2 X 2 matrices also the last zeros of matrices (8). 
8 (16) Fields theory. — A 8 XS8 representation of the HSG is 


Ya WAG T3)W;00 » zi = [(% + T3)0W;00 9 


(9) 


t, = Ii(t, — T3)000: , n = YstoWo% » 
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where I’; are y, or I according to à — 1, 3 or i=2, To, Do © are 2 X 2 unit mat- 
rices, T;, ©;, 0, are Pauli matrices and the matrices (9) (without re Ys) 
must be thought as 8 x 8 matrices obtained carrying out the direct product 
of three 2 x 2 matrices. The matrices (9) are contained in the group of 8 x 8 
matrices ats and therefore, they give us an 3- dimensional representation 
of the HSG. But these SI: are not all antisymmetric and it is impossible 
to find out a unitary transformation able to give them this property. It follows 
that in a 8 fields theory the fundamental fields must have vanishing bare mass. 
If we indicate with y the set of 8 Majorana fields we can easily find the fol- 
lowing structure for the elementary particles 


(baryons) = (1+ 7;)y|0, (antibaryons) = (1— ys)v|0, 


p'(1 + Ys)TiWo0;(1 + vs)p|O> , 


(PIOD): Mr — OF 
p'(1 + Ys)T3000;(1 + y5)Y )p|0», 
y'(1 + 93) 2,(1 + ys)p|O, 
(K-mesons): XK, = or 
d'(14+y3)2,0;(14- y5)p|0», 
where 
(ER 00, à DRE. 0. 


It is clear from the expression of n that it is impossible to find out a unitary 
space time independent matrix, anticommuting with n and therefore, repre- 


senting the charge conjugation. To obtain it we must consider a 16-dimen- 
sional representation, for instance: 


Yi = Y503(To — T3)109 21 = V503(To + T3) 0100 
Yo = Qo(To — T3) 02% 22 = QolTo + T3) 0200 
Ys = V503(T) — T3)W300 &3 = Y503(To + T3)0W300 


i, = V50QsToMo01 


ty = 007T0@002 = Vs0aTyWM0o - 


(10) 
| lz = V503T00003 
In this case R can be expressed by 


(10°) T = 0200, . 
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Obviously in (10) and (10’) 0; are Pauli matrices and 0 is a 2 X2 unit matrix. 


If we apply to representation (10) the unitary and real transformation 


il 
= ; ° QX __ QT a 
S= = (1 — ses) ; S = DST 
dl 
we obtain 
| Yi = Q2(T — T3) 0100 À = Q2(To + T3) 010% 
Yo = Co(To — Ts) 20 Zo = Qo(To + T3)%20p 
Ys = Q2(To — T3)0300 23 = 02(To + T3)0300 
(11) 
t, = Q2T M001 
to = OoTo M02 N = 03T90000 - 


| tz = 02700003 


Since the matrices (11) are all real and antisymmetric, it follows that in the 
16 fields case we can assure the HSG invariance also with non vanishing mass 
fields. Starting from (11) and using the transformation Y= (1/+/2)(1 + î01) 
we obtain a representation where n = 037,00, and, therefore, where the first 
(8) components of y are creation operators of particles and the others, creation 
operators of antiparticles. In this case the HSG generators can be so represented: 


| Ys = 03(To — T3) 0100 À = O3(T + T3) 0100 
Yo = Qo(To — Ts) @20o Za = Qo(To + T3)W20o 
Ys = 03(T) — Ts) 0300 23 = 03(T) + T3)@30o 
(12) 
ti = 03100001 
to = OpT M002 n = 03700000 + 


[ ts = 03700003 


From (12) we can see that the 16 components of y have the following physical 
interpretation 


a 
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Obviously the representation (12) is only one of the many possible repre- 
sentations and has the advantage that the components of y in this repre- 
sentation have a clear physical meaning. In some cases other representations 
can appear more useful. These can be obviously obtained from (12) with some 
convenient unitary transformations and, as an example, we list a few cases 


which have been already considered in the literature. 
1) Using the transformation 
oe 
B=1-+ ¥50s 


A(o, 0) = [xo, + Bosl[(1 + 03) + 0:(1—03)] where 


we obtain the Giirsey (1!) representation having the property that the baryon 
number is represented by y'— exp [ixy;]y and the isobaric spin by 


(13) y= ap + bysy° with lal?+1]b|?=1 
We have 

Yi = Ys00(To — Ts) M103 2, = Y500(To + T3)@105 

Ya = Qo(To — Tz) 20 22 = QolTo + Ta) 0200 

Ya = Y500(To — T3) (0303 23 = Vs0o(To + T3)W303 

i = V501T Mp0 

ty = Y502ToW000 n = Y5OQoT 03 - 

tz = 03700000 


e, PRIA : 

2) With the transformation A(w, 0) we obtain the Dallaporta-Toyoda (5) 
representation where the hypercharge and the hypernumber have the ex- 
pression (13): 


Yi = Y501(To — Tz) odo 21 = V501(To + T3)Wodo 


2(To — T3)0000 Ro = Y502(To + T3)W000 
03(T) — Tz) do | 


Za = 03(T) + T3)W odo 
tb, = Y500To0%301 


tz = OoT Wd: 
2 0079000 n= V500To0300 + 


—_ —— n 
<= & 
wo Do 
lll 
Se 
CS 
mes 


ls = YsQoT M03 


(11) F. GÜRSEY: Nuovo Cimento, 7, 411 (1958). 
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7 


3) At last we obtain the completely mixed Dallaporta-Toyoda ( 
presentation by putting 


) re- 


il 
Bio, 03) = V2 (xo, + Bos) 


Then 
| Ya = — Y500(To — T3)W100 | 2 = — Y500(To + T3)@10o 
| Yo = QolTo — Ts) W200 | 23 =  Qo(To + T3) 020% 
DE —= V500(To — Tg)W300 | &3 = Y500(To + T3) 030 
| tl, = — Y500ToWo01 
i to = — QTM On n = Y500T0%003 
Lis = 7500000093 


4. The non invariance of type A theories with 7 fields and of type B theories 
with 8 fields, under charge conjugation and therefore under P inversion, does 
not necessarily imply that one must at once disregard these theories. In fact, 
as THIRRING has shown in (12) for his three fields theory, the contained sym- 
metries are sufficient to assure that in some boson vertices (also renormalized) 
the parity is nevertheless conserved. This property is valid only for the pion 
vertices in the case of the Thirring model, but in our case it is valid also for 
the K vertices if only we extend a little the HSG. 

For a better understanding of this problem, let us examine the P conser- 
vation considering only the case of the 8 fields, B type theory which from a 
physical point of view, seems to us more attractive than the other. 

Now, if the 8 fermion masses are equal, the boson renormalized vertices 
must generally by expressed by (?): 


(14) ‘pi|0;|94) = 2“ (PA xD) + 2" (D) Biyays X(P) , 


where A, and B; are 8x8 matrices, î=1,..., n, n being the number of bo- 
sons belonging to the same multiplet and y is the set of 8 wave functions which 
are solutions of the mass m Dirac equation. The hermiticity and the time re- 
versal invariance of the theory involve (?): 


(15) eee Vie poi oR. 
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or 
(15') AA’, Bs B 


Moreover the HSG invariance for pion vertices requires that A; and B; must 
have the following structure: 


A; = AT OO; + Ua T3OoOi 3 


(16) 
B, = 017,050; + DoT s@o0: » 


where a,, and b,, are real or pure imaginary numbers. Now (16) have a well 
defined symmetry character (for instance AT= 4, and Bj;=B,) and there- 
fore the relations (15) or (15') can be satisfied only if A=-0 or B=0. It 
follows that for the pion vertices we have P conservation. 

However for the K vertices, the HSG invariance, as it stands, is not suf- 
ficient to assure P conservation for two reasons: 


1) It does not guarantee that the p, n, #°, & and the >, A hyperons 
masses are equal and therefore, the equation (14) does no longer hold. 


2) Even if we suppose that the masses of all the 8 baryons are equal 
neglecting perturbations, the HSG invariance requires for the matrices A 
and B the following expression 


A, = 4,0,+ 4,20, , 


(17) (alae 
B, = 0,2, + 4,2,,2, . a 


Now ©, and 2,9, have opposite symmetry character (for instance A? = 
=— 42,-+- 4,2,2,, BY =— b,Q,+-b,Q2,Q,) and therefore in this case the con- 
ditions (15) and (15') can be verified also if A , and B, are both non vanishing, 
assuming À, to be proportional to ©, and B, proportional to 22,2, or vice- 
versa. But if we suppose that the theory is also invariant under the unitary 
transformation 


(18) p= Qy, 


we can assure P conservation also for K vertices. In fact in this case we can 
immediately infer that 


1) the p, n, Æ, & and 2, A hyperon masses are equal because (18) 
is the transformation connecting these two sets of particles ; 
= + 9 


+) 4 à à 1 7 wee, . . 

2) the second term in (17) must be disregarded in order to assure in- 
ra plc à £ a \ È 
variance oi (14) under (18), because (18) represents the fourth axis inversion 
in the hypercharge and hypernumber space. 
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The result that the P invariance cannot be introduced in the theory as ¢ 
rigorous invariance, imphes however that in the strong interactions there must 
be a P non conservation source that may be searched for, for instance, in a 
«strong» Fermi interaction between four baryons. Anyway, we can conjecture 
that the effect of such an interaction will be important only at high energies and 
that at lower energies the interaction with boson exchange prevails because 
this latter has a longer range. Therefore, the 8 fields theory 1s not in contra- 
diction with the experiments of nuclear physics and with the recent exper- 
iments on the strange particles indicating that P is conserved in strong inter- 
actions at least at low energies. 


I wish to thank Prof. N. DALLAPORTA for suggesting this investigation 
and for daily discussions and advices. 


RIASSUNTO 


In questo lavoro la possibilità che le particelle interagenti fortemente siano strut- 
ture composte di campi fondamentali di Majorana, viene discussa dal punto di vista 
delle proprietà di simmetria delle interazioni forti nell’ipotesi che queste ultime pos- 
siedano simmetrie più vaste di quelle che danno luogo alla conservazione del numero 
barionico, dello spin isotopico e della stranezza. oltre si discute il problema della con- 
servazione della parità per le teorie prese in esame. 
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(ricevuto il 1° Luglio 1960) 


Summary. — The scattering of nucleons at energies below the meson 
production threshold is discussed; the amplitude is a sum of five terms, 
each proportional to a different spin invariant. A comparison in pertur- 
bation theory, between the field-theoretic amplitude and that from po- 
tential theory enables one to conclude that a potential which will re- 
produce the field-theoretic amplitude through the two-meson exchange 
contributions exists. This potential is also a sum of five terms and is 
« local » in the sense that for a suitable choice of the spin-dependent ope- 
rators, their coefficients are energy-independent. The potential is derived, 
apart from radiative and rescattering corrections; it is again observed 
that the static limit (4/M 0) is not well defined. The spectral fune- 
tions for the potential are calculated. Rescattering corrections, etc., are 
discussed and, assuming simple analyticity properties for Feynman graphs, 
are Shown not to destroy the locality of the potential. It is not yet pos- 
sible to furnish a proof independent of perturbation theory that a po- 
tential exists, as was done for spinless particles in Part I, because the 
necessary dispersion relations have not been proved; in fact it is not 
even known for which choice of spin invariants they might be expected 
to hold. Some clues as to this choice of « proper » spin invariants are 
afforded by the limitations imposed in order th 


at the fourth-order po- 
tential be energy-independent. 
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1. — Introduction. 


The object of this series of papers (1) is to formulate a definition of a 
nucleon-nucleon potential which, when inserted into a Schrodinger equation, 
will generate a scattering amplitude which is a good approximation to the 
field theoretic one at energies below the threshold for meson production. We 
further require that this potential be a function of only one variable; i.e. in 
momentum space it should depend only on the momentum transfer and not 
on the energy (this means that the potential is local in configuration space). 
We impose this restriction because the scattering amplitude itself is a function 
of momentum transfer and energy and to have produced a « potential » de- 
pending on both of these variables is to have achieved no great simplification. 

It was formerly supposed (2) that the inclusion of nucleon recoil would 
lead to an energy-dependent potential, and to avoid this the «static approx- 
imation » was invoked; i.e. an expansion in powers of u/M was made and only 
the leading terms were retained. Recent work on the two-nucleon problem (3) 
has shown quite clearly that the static limit is not valid; fortunately it is also 
not necessary. At energies below the meson production threshold it is pos- 
sible to define a potential satisfying our conditions which takes recoil effects 
into account without this approximation. Naturally, both 4 and M appear 
as parameters in this potential. The only approximation made is to consider 
the initial and final nucleon energies to be small; this restriction is not im- 
posed on the energies of the virtual particles in intermediate states. 

In I it was shown that a potential satisfying these conditions exists for 
the case of a spinless «neutron» and « proton » interacting through a scalar 
meson field. This was based on the formal identity below the meson production 
threshold of the unitarity condition and the once-subtracted one-dimensional 
dispersion relation in field theory (4), and in non-relativistic potential theory (°). 
It was further shown possible to give an explicit construction for this poten- 
tial utilizing the proven Mandelstam representation for the potential theory 
scattering amplitude (5). 

(1) The earlier papers in this series are: J. M. CÒarap and S. P. FuBINI: Nuovo 
Cimento, 14, 540 (1959) and 15, 73 (1960), referred to as I and II respectively. This 
paper however is intended to be self-contained. 

(?) Cf. the review articles in Suppl. Prog. Theor. Phys., No. 3 (1596). 

(?) M. L. GOLDBERGER and R. OEHME: Ann. of Phys (to be published). 

(*) M. L. GOLDBERGER, Y. NAMBU and R. OEHME: Ann. of Phys., 2, 226 (1957). 
(Referred to as GNO). 

CMNAN SRE OR Phys. Rev, 107, 1148 (1957). 

(9) R. BLANKENBECLER, M. L. GOLDBERGER, N. N. Kaurr and S. B. TREIMAN: 
Ann. of Phys. (to be published); T. ReGGE: Nuovo Cimento, 14, 951 11959); A. KLEIN: 
Journ. Math. Phys., 1, 41 (1960). 
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In II the proof was extended to include charged mesons and the cong 
itant exchange forces. This involved the construction of an isotopic spit 
dependent potential for the scattering of two distinguishable nucleons with 
a subsequent symmetrization. | 

In this paper we shall consider the effect of the nucleon spin. Thrope 
fourth-order perturbation theory, a very naive approach leads to à definition 
of the potential which satisfies our conditions. This approach is based uu a 
term-by-term identification of the perturbation expansions of the scattering 
matrices in field theory and in potential theory. Furthermore, in I, it was 
shown that the potential thus defined agreed with that obtained via the more 
sophisticated approach using dispersion relations. We are unable to make 
use of dispersion relations when the nucleons have spin since there exists as 
vet no proof even of an analogue of a Khuri relation for the most general spin- 
dependent potential, let alone a proof of a Mandelstam representation. Al- 
though we believe that such relations will eventually be proven, we do not 
here postulate and use them. This is because the scattering matrix, when spins 
are present, is to be expressed in terms of five amplitudes (’) (for each of which 
we would have to postulate a Mandelstam representation) corresponding to 
five linearly independent spin invariants. The choice of invariants is a priori 
not unique; it is unlikely that a Mandelstam representation is valid for an 
arbitrary choice, so until such relations are proved we do not know what is 
a «proper » choice. We are thus forced to utilize the perturbation theory 
approach, believing however that the results are independent of the validity 
of perturbation theory. It will be shown that the requirement that the po- 
tentials corresponding to each amplitude depend only on the momentum 
transfer imposes strong limitations on the choice of invariants. This may 
give a clue as to the « proper» choice of invariants. 

In Section 2 the kinematics and the separation into the five amplitudes 
are discussed and the potential is defined. Sections 3 and 4 deal, respectively, 
with the calculations of the field-theoretic amplitudes and the iteration of the 
Yukawa potential. The cancellation between these, leading to an energy- 
independent fourth-order potential, is discussed in Section 5, while in Section 6. 


the spectral representation of this potential is given. The results are sum- 
marized and analysed in Section 7. 


2. — Definition of the potential. 


The notation used will be as in the previous parts of this work except for 
the modifications required by the introduction of the spin variables. We will 


(7) L. PuzrKkov,. R. RrNDIN 


and Ya. SMORODINSKI: Soviet Physics J.E.T.P, 5, 
489 (1957); cf. also GNO. 
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be dealing with the scattering of two particles which initially have four-mo- 
menta p,, n and finally p,, n, (Fig. 1). The center-of-mass three-momentum 
is k, initially and k, finally, with |K,|=|#,|= x. The scattering angle 0 is the 
angle between k, and k,. We further define | 


A=3(k,-k), A? = 477(1 + così), 
KR Fe). K? = 3n*(1— così), 
(2.1) 
he KS AS es Kee. 
E? == M? =k 7 


In accordance with the prescription for handling pig. 1. - Diagram of scat- 
exchange potentials which has been given in II, tering process. 
we will calculate the potential which reproduces the 
scattering of two distinguishable nucleons, each with spin and isospin one-half. 
The scattering matrix for the physical case of indistinguishable nucleons is 
then obtained by antisymmetrizating the scattering matrix resulting from this 
potential for non identical particles. We will, as usual, suppress the nucleon 
spin and isospin indices. Thus the potential V, the s-matrix, and the Y-matrix 
will all be operators in the spin and isospin spaces of the nucleons. These are 
related by 


(2.2) sk) = 8 (ky — hy) — 2xi 8(W. — Wie | T|k), 
s : ; 1 F 
(2.3) (Ral| Rx) = (eV |x) —] (FeV |) 7 (FITTE), 


where in (2.3) the integral over k is to also include a summation over inter- 
mediate spin and isospin states, and W is the non-relativistic kinetic energy 
|k\?/M. (2.3) is of course the familiar Lippman-Schwinger equation. 

In field theory the scattering matrix, S, is related to the covariant Feyn- 
man amplitude G by 


(2.4) (pone |S Pau) = 


tw 


1 


I 
= Sp. pr) 8° '"(n, — n) — 270 SO (D. + No— Pi — M) DE (Kea, |@| ky) - 


This is again to be regarded as an operator equation in spin and isospin space. 

The symmetries of the two-nucleon system, together with the conservation 
laws satisfied by the interaction, allow the most general spin-dependent anipli- 
tude (for elastic scattering) to be written as a linear combination of five in- 
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dependent invariants On: 


(2.5) (ky | T | ky) = SOT(r?, ARI 
i=1 
5 

(2.6) (k.|@|k,) = LOGIN’, ZA? Vic 


The scalar functions 7; and G, are still operators in isospin space but are spin 
independent; they are functions of two independent scalars which we have 
chosen to be A? and 7?. We can clearly expect the potential also to be the 
sum of five terms, each corresponding to a different spin invariant 0,. It is 
at this point that we run into the first essential difficulty introduced by the 
presence of spins. 

Our basic viewpoint has been to regard the potential as a convenient way 
of summarizing a very important physical property; viz., that the unitarity 
condition, together with the once subtracted dispersion relation, determines 
the scattering matrix, at energies below the meson production threshold, in 
terms of the zero-energy scattering matrix; i.e. the essentially two-variable 
function, the scattering matrix, contains no moreinformation than the one- 
variable function, the zero-energy scattering matrix; or, since we are more 
used to the Schrédinger equation than to dispersion relations, the potential. 
It seems pointless to us to deduce a two-variable potential; è.e. an energy- 
dependent or non-local one, since this is just as complicated as the scattering 
matrix it is meant to simplify. We are prepared to relax this requirement a 
trifle to allow for the trivial sort of non-locality introduced by, for example, 
a spin-orbit force. Thus, if we write 


5 


(2.7) (EME) ON 
i=1 
we will insist that 
(2.8) PC) 
and that V; has no dependence on #?. 
The choice of invariants which we have found convenient is 
Od, 
so N 5 0 Ò 6 Pea CE p à 
0; = 3{0, k,o, ki + Oh ky 5, k:} ri K? —A® — i(o, + Gp) "TN, 
9 0 = 5 . 
(2.9) 0; =0,:no,°n, 
Us 07 NO TNT 


0; = 6,'S, 
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The 0; are invariant combinations of the spins and momenta, albeit their 
dependence on the momenta is extremely simple. To form these 0, or any 
other set of five linearly independent invariants, it is necessary to use K as 
well as A; this is the only source of non-locality which we shall allow. Al- 
though our choice of the O, is not unique, the choice is severely restricted by 
the requirement that the associated V; satisfy (2.8). 

The perturbation-theoretic definition of the potential is as follows: Con- 
sider the perturbation expansion of the Lippman-Schwinger equation (2.3): 


(2.10) T= TOL TO 
| (ky |T|k,) = (ke, |V| ky) , 
(2.1 


ni k,\V®|Kk)(K|V®|} 
J SV) foca ( 21 an | 51) i 


A perturbative expansion of the field-theoretic amplitude yields 


‘6 6 A (1) (2) 

(2.12) GBL GL ..; 

where G is the contribution of the one-meson- 

exchange graph (Fig. 2) and 

(2.13) go = Go + Gr 

these being the contributions of the two-meson- 

exchange graphs (Fig. 3). The other fourth-order 

graphs are taken care of automatically by using 

renormalized masses and coupling constants. 
Identifying T with G order by order, equations 

(2.10) and (2.11) enable us to define the potential 

through fourth order as 


(2.14) vy = TV gm 
(2.15) VATI 


GOT, 
where J is the iteration of the Yukawa potential V™. 
The V‘ defined through (2.15) will be shown to be 
functions of A? alone,in the adiabatic limit for the 


P, Ta Pa 
4 24 
| 
| 
iran esi a cet PP 
Fig.2.- One-meson exchange 
graph. 


Fig. 3a, 3b. — Two-meson 
exchange graphs. 


set of invariants (2.9). By the adiabatic limit we mean, n°< M?; this means 
that the external nucleons are taken to be non-relativistic but there is no 
restriction on the momenta in the intermediate virtual states. We shall show 
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that the recoil contributions from these intermediate states, which are neg- 
lected in the more usual static limit (4 < M) are a significant part of the 


potential. 


3. — The field-theoretic amplitude. 


The field-theoretic amplitude arising from the simple one-meson exchange 
graph (Fig. 1) is 

at 
u? + 4A? 


o E: 
DIO) DIES AP (Pa) ay APP) To Tr 


Cr) M° AM) APM), 


where A(p) is the positive-energy projection operator for a nucleon with 
momentum p and is given by 


Ap) = RARE 
2H 
i (100 sep (Gr AG A) 
(270)? M? ? "u+4A © Pom 
go 9 1 1 


A ie 
(2x) M2? y + 4A?” 


Y(1) F sa 5 
GY = 0;,i— 1, 2, 8,5. 


Thus the one-meson exchange, or Yukawa, potential as defined by (2.14) is 


SIAE pee ee eat 
(3.3) i (Coli Mn 


7(1) Q ¢ € 
V®=0, i=1,2,3,5, 


and is clearly a function only of A?, independent of 7? 
The contribution G* of the "OSSE 
5 ) uncrosse WO- TS] rahe "a Ope a * 
incrossed two-meson exchange graph (Fig. 3a) is 


ae RIS: ee 
aie aa (27)* M? As (D2) yay a À | D) (3 Sd DC pi Ta) gg AP) Am) , 
where: I,,= i|d*Q Quy 
abed’ 


a = @?+ 20-A + A?4+ w— ie, 


b =? — 20-A+ A?- pe — ie, 
6 = 9? 420-P— Arie, 
Q?—20-N — A?— ie, 


Pit), Nb). 
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In Appendix A we show how this may be reduced to the form 


4 
(3.5) CHERE LIT) 3. DI 0,9, 


| (A) A: 7 79 VA 2 A2\: 
| gi = A(X + K*Y) 4 rE a {Œ+M}—(K'— A) F, 
| 1 
CA ESSE etl Ora Vi dia sr _ TM (2 
| gs) = (X+ K*Y)-4 = my E -MP+K°—4%}F, 
(3.6) 
| gi Y 1 F 
| di 7) 
god, 
g — — A*X 
X— da | dy | dew w(1 — w) [ w200 + A?w?(1 — a?) — g°(1— w) + 
+ H2y2(1 — w)? — ie], 
(3.7) ai de|dy{dww(—w)|u?w4 A?w?(1 — #2?) — 72(1 — w)? 4 
+ H?y?(1— w)?— ie]?, 
1 1 
ee | 
Br fur far w(1 — w)[u?w + Aw?(1 — a?) + M?(1 — w) [7 
1 0 


Tt is clear at this stage that although F is independent of #?, the ampli- 
tude G is strongly dependent on 7? because of the singular nature of the 
denominators in X and Y. This is of course not surprising; in the spirit of 
the older approaches to the subject one can point to the resonant intermediate 
state that can occur in this graph. It is possible to draw a time-ordered graph 
of the type of Fig. 3a with an intermediate state in which, just as in the initial 
state, only two nucleons are present. Another way of looking at this is af- 
forded by dispersion theory; for this graph, the cut in the kinetic energy 
variable extends right down to zero, so one anticipates a strong dependence 
on 7°. 

When we turn to the crossed graph (Fig. 3b), the situation is different. 
The lowest mass in an intermediate state is 2(M +) so the kinetic energy 
cut starts at 


n° = H4(M + p) — 4M} = 2M + pe. 
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Thus for energies such that 7° < 2Mu+ n°, 
of G® on 72 may be ignored. We shall se 


the case, for 


D 


we expect that the dependence 
e immediately that this is indeed 


4 2 
GP — Dal APP AP) (3 +2, Ta) TAP MAM), 
(3.3) [aan Le 
Jordi] Me abce’ 


e =9?+120-N—A*—ie. 


In Appendix A this is reduced to 


(3.9) (eta 


REA 
(i 2 Tr Tp) e > Og? 
Ps 


ER A2F 


nn 


1 1 
B) 
gs F - 2Œ— 
(3.10) ; 
ge — V a 
2 (=m) 


Ò 


1 1 1 
peg! 
cio? de | dy | dav w(1 — w) [u?w + A42w?(1 — x2) + 
—1 —1 : 


frac ER 


1 1 1 
(3.11) n fee fau fa wi — w)? [wee + A?w?(1 — y?) + 
SR 


1 


if al 1 
pos 
seta de | dyy | dw w(1 — w)5 [uno + A1 a) 4 
ST an û 


0 


+ Ky) (1 — w) + 


SL ET EEE 


în LCA — y?)(L =: w)? 


M°1-%w?]®, 


M°1-w)€£T?. 
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Now, it is clear that throughout the regions of parametric integration the 
coefficient of A? in the denominators is always less than that of M?, and since 
K°< M? in the adiabatic limit, we are always justified in setting Æ?— 0 in 
the integrals. This makes the integrals functions of A? alone, independent 


of 72, and accordingly the g also depend only on A?. 


a 


4. — The iterated Yukawa potential. 
The term 


; 1 5 
71) A 71) 
I \k) W-W,— ie (ki) | ex) , 


(4.1) T= fax (k, 


e 


which occurs in (2.15) is the iterated Yukawa potential. V° is given by (3.3) 
and enables us to write 


4.2 pf Sa le 
fe) i 2a TU TE 


fon ee [0p: (k, — k)o,: (k, — ko," (hy re ko, (k; =. k)] > 


A=k?+7°+ w—2k-k,, 


B=w+ y+ —2k- ky, 


C=kh*—n?—1e. 


It is clear that this integral is linearly divergent; it turns out that only the 
coefficient of 0, diverges. In Appendix B, I is reduced to 


(4.3) T= Ans (3 — 2 Ty Ta) GLO 
RZ 
| jo =—(X.+ K*Y,), 
(4.4) | DR 
| he x, 
| js = 4%, 
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3 à 5 ( (277)? | x sin! (2) 
Me a MALI Pre VA + pel 


—- 0 
8 M. 


dx la du | dg [q? + ww + A?w?(1— a?) — 42(1 — w)? ie] 5 


7 == wi — w)? dw: 
ir 7 fe 


fos laure A?w?(1 — 2?) — (1 — w)? 1e 


N°) 


where Q is the cut-off momentum. 

As with @, I is clearly energy-dependent. In the next section we will 
show that the energy dependence is such as exactly to cancel that of 4 i 
the adiabatic limit, which leads to a potential V which is a function of x 


alone. 


5. — The cancellation. 


In this section we shall show that the potential defined by (2.14) and (2.15) 
is energy-independent in the adiabatic limit. As has already been pointed 
out, the one-meson exchange potential V given by (8.3) is independent of 7°. 
We now turn to the two-meson exchange potential. 

At the end of Section 3, in discussing the contribution of the crossed graph 
(Fig. 3b), we observed that in the adiabatic limit, the integrals arising there, 
T, U, and V, are independent of 7?. Indeed, in this approximation, 


1 


AIN È 
T saravatio = 3 [eo fau av w(1 — w) [u°w+A?w(1—2)+M?(1—w)?], 
al 


(5. 


1 1 IL 
— T° | 
Usines == KA de | dy | dw w(1 — 0) [ur + A 0°(1—x2)+M?(1 PT, 
Sv Sy oh 


da da 
— 70? fe 
adiatatie = —] fi) du fa y? w(1 — w)3- 
sii il 0 


| 
| 
| 
| 
| 
| 
k 


*[u?w + 4%w?(1— a) + M21 — w} |? 


Ae 
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yielding 
Tara a E 


7 ow 
U adiabatic — 31 adiabatic — 


1 al 
= fax far w(1— w)? [u?w + A?w?(1 — a?) + M?(1 — w)?]?? 
= 0 
Substituting in (3.10), and noting further that 4?< M? and K?< M*, we 
find that in the adiabatic limit 


gi == M 27° — M: U satabatio ’ 
GIRA 3F => 4M? U adiabatic 9 


i 1 
(bo) td iE Be D Unatabatio ; 
RER 
géo ARE 


Referring to (2.15), let us write 

| pe = VA + Veio 
(5.4) REIT 
ye? = CDA 


Then V°® is already of the desired form; i.e., the expressions V? are functions 


only of A2. It remains to show that the same holds true for the VS. 
z g' II a (A) 
(5.5) pa — Pa? (3 —2,°Tn) wt 
(5.6) 0; = gii + 
Pa AE VA 7 1 a 2\2 nl 
| RANA MESIA UE My (Hoe Mt 4? — Ae), 
> Lal Tr 1 9 CI 2 A 3 ni 
| US AG Ra H+ mi | M)?+ (K?— A?)\F, 
(D.7) 4 
| yp“) — — 7} lis 
| RE E M) 
(4) Xe. 
O) AES 


PRAY T.. 
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From (3.7), in the adiabatic limit when FE can be replaced by W, 


1 1 (1—w) 


| baz | ax | dev w i de [uno + Avi — 2?) — n° — w)* + ate, 
RSI 

| ie 4 — 1-w)M 

| 1 1 
(5.9) | You— A [en few du 1 

= 0 
A—w) M 
| «| de|u?w A1 — 2°) m1 = ww) lu 
| - (1-w)M 


If it were legitimate to let M — oo, the z-integration would extend from 
— co to +00 and X and Y would become X, and Y,, the static limits of the 


respective integrals. However, 


| 1 1 o 
| <= on ees f afew + area a) — 7?(1 —w)? + e], 
| 0 M(1-w) 
ieee 
T° 
(5.10)) ve = Fay farai ne: 
| eo, 
M(1—w) 


and still in the adiabatic limit, since in these integrals <> M(1—w), itis 
legitimate to ignore 7?(1—w)? compared with 2. Thus we arrive at 


ae Fr foafie» i dz [ u? w+ A2w?(1 — w?) + el], 


M(A1-w) 


(5.11) 


PS E 


: T° + 
y e — OM dx | dw w(l — w)? de Lure JE Aw?(1 = a?) aie e]? 


iano M(1—w) 


and we have thus succeded in eliminating the 7? dependence of the integrals. 
Furthermore, 


al 1 


Dl, HV gg fe fato it — ms | igo ee 
= MA-w) age 


[to + da) + A} =< Ky 
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The adiabatic approximation involves replacing 1+0(7?/M?) times an ex- 
pression by the expression. We may accordingly replace X,+K?Y, by A, in 
our expressions. This leads finally to 


of = AX,+W+M?P, 


oe Xe oe 4 F ; 
1 
5 iis} 12 = — je — — = ya 
te) : 4M® ? 
(e 
PA, 


where X, and Y, as given by (5.11) are independent of 7?, as are W and 7. 
We would like to stress at this point that our result depends upon the choice 
of invariants (2.9). For example 


O0, = K?— A*?— i(0,+6,):n 


and this depends on 7? through K? = 7?— A? and through |n|= KA. With 
a different choice of invariants, this energy dependence might have been thrown 
on the corresponding V;, where we would not want it. This point will be 
further discussed in Section 7. 


6. — Spectral functions. 


As is well known, the contributions of processes involving the exchange 
of n mesons behave like exp [— nur] in configuration space. Thus, outside 
a region of radius 1/3u, the dominant contribution to the interaction derives 
from the exchange of one or of two mesons. This suggests trying to write 
the potential as a superposition of Yukawa functions of different ranges. 

Thus if, in momentum space, we are able to write 


‘ pe ay | gt 4A?” 


or similar subtracted spectral representations, then, apart from the rescattering 
corrections to be discussed in the next section, the only contributions to the 


spectral functions 9, in the interval 2u<o< 34 come from vf and vf. 


In this section we throw the potential 0 and v{” into the form (6.1) and 
give expressions for the corresponding spectral functions. These expressions 


have been evaluated numerically. 


of 
Usi 
19 
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We first derive spectral representations for the integrals F, X., Y, and 


| 
Deus: 0.4. 


1 f., flo) 
(6.2) PUA) = ga | dot 


and similarly for the spectral functions (0°), y(o?) and u(o?) of X., Y., and 


Ü ere respectively. 
1 1 
HAN + fe — w) de [ar [mew + (1 — 2?)w?A? + MA — DPI, 
0 hi 
substituting 
3 pew + M?(1 — w)? 
dl 2 
10:29) at w?(1 — a?) 3 
al (co) = 
: Perey aie ter Lee ee is i il 2 
(6.4) F(A?) 7 fi (1 — w) deo 2 do SL AA? qu 
0 (4/w®)[u®w + M?(1— w)?] 
i 4(u?w + M?(1 — 2w)?)]-* 
wo? ; 


Interchanging the orders of integration and then performing the w-integration, 
leads immediately to an expression of the form (6.2) with 


+ 1 Gr +2 
6.5 2) — SA 
i de i u? dp È |p | | È 

T =olp, 

g=t—a4, 
(6.6) 

je = AM?—7?, 

m= Miu, 

eee a eni. i 

Face (1 = mg? pi 05 

(6.7) 
| = In Fica | es p*| p< 0 
| Va meq? | i ae 
$ | 
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An exactly similar procedure leads to 


Ii (gg IT m 
a 8 ONE 120) = 
aa at ae Al iG |p | | SE 
(6.9 (*) O = otg(nq) , 
BU brome CAIO ea ae 
i ¢ = Tm | 4 1 p° Ti p? |p | 
ne "(E ! 9), 
1 (22035 [12(q° +2) (q? + 2)°\] 
5. 2 = 3 = 8 Ì . 
(6.11) u(0°) ZIONI D a( pare | 
Also, 
ee =: CHARS pu 1 
SO a eee ae 
(6.12) RAA Er a far 
au? 


We have W(/?) in a subtracted form so that the divergence is taken care 
of; W(0) is of course an (infinite) constant. For this reason it is more con- 
venient to write vy” in a subtracted form and, although it is not strictly neces- 
sary, for ease of comparison we do the same for 0”. Thus 


Ge il 5 
(6.13) ye) = (2a - yy M? È O.{( 3 —-2 tp Ta) va + (3 sn DT) Ta) 05), 
(277)? 1 | 
(AB) at: (A,B 2 2 (A,B) 
vy” == constant“ + a A? | do ci à (o?), 
au? 
DI 2 itt 
(A,B), = (2x) do? - (4,B)( 2 
l PE Saga sd (oe 
au? 
(6.14) 
(AB) _ (277)? de: 1 (A,B) 
| Li | PR CNE 
Ap? 
97\2 1 
ACE oe (27) y, (A,B) 
es a +o at (GL 
au? 


(*) This is the same arc cotangent which appeared in the spectral functions de- 
rived in I. 
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Fig. 4. — Spectral functions. da 
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These spectral functions have all been calculated numerically, and in Fig. 4 
we plot graphs of two of them; viz., the subtracted I and the unsubtracted 
JI. In the region of interest, 2u< 0< 34, I is very similar in shape to 
I and all the other spectral functions, despite their different functional forms 
and despite differences in magnitude, are remarkably similar in shape to Zi. 
It seems to us superfluous to present so many identical graphs so we give 


instead a table of values (Table I). In the next section we shall discuss these 


— Values of spectral functions. 


2.2 


results. 
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7. — Discussion. 


We have shown that for a certain choice of invariant spin functions (2.9), 
the energy dependence of the two-meson exchange amplitudes arising from 
the perturbation theory graphs of Figs. 3a, 3b is, for non-relativistic energies, 
just cancelled by the energy dependence of the iteration of the one-meson 
exchange amplitude arising from the graph of Fig. 2. This, through the Lipp- 
man-Schwinger equation, enables us to define a potential which, apart from 
the trivial energy dependence entering via the spin functions O,, is a function 
only of the momentum transfer; i.e. is local in configuration space. This po- 
tential is defined in such a way that on substitution into the non-relativistic 
Schrédinger equation it will, in perturbation theory, generate a scattering 
amplitude equal to that arising from the field-theoretic graphs of Figs. 2, 3a, 3b 
in the adiabatic limit. 

At energies below the threshold for meson production, the GNO disper- 
sion relations for the amplitudes G@,(7?, 4?) and unitarity specify the scat- 
tering matrix in terms of the zero-energy scattering matrix G,(0, 4?) (*). Were 
we to have analogues of the Kuri (°) fixed momentum transfer dispersion 
relations for the potential theory amplitudes 7;(7?, 4?), these, together with 
unitarity, would define the potential theory scattering amplitude in terms of 
T;(0, A?). We would then be able to define T,(0, A?) =@,(0, 4?) and, as in I, 
the formal identity at low energies between the dispersion relations and uni- 
tarity for field theory on the one hand, and potential theory on the other, 
would enable us to conclude that the potential theory scattering amplitude 
matched that of field theory at non-zero energies. From this, we could in 
turn conclude that a potential satisfying our conditions exists. 

In order to explicitly exhibit this potential, we would have to solve the 
coupled integral equations, 4.6. the dispersion relations and unitarity condition, 
which define T;(n?, A?) in terms of G,(0, 4?). One might attempt to do this 
by conventional perturbation theory. Alternatively, if one believed in double 
dispersion relations for the 7;(72, 4?) and in a dispersion relation in the mo- 
mentum transfer variable for G,(0, 4?), one could use the expansion of the 
spectral functions as presented in I. In either case, once 7; is known, the 
determination of the potential V; is then straight-forward; one uses the fixed 
momentum transfer dispersion relations for potential scattering. In I, we 
showed that this formal definition leads to precisely the same potential (for 
one- and two-meson exchange) as does the naive application of perturbation 
theory such as we have used in this paper. Our success in demonstrating, in 


(*) It is essential that we use our model with distinguishable nucleons so that the 
pion contributions to the left-hand cut do not occur. 
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perturbation theory, the energy cancellation which enables us to define a local 
potential for the scattering of nucleons with spin, paralleling that for scalar 
nucleons, makes it extremely plausible that the formal definition of the po- 
tential outlined above can also be carried through. 

Making the usual guesses about the singularities in the amplitudes of Feyn- 
man graphs (5), the A? cut for a graph involving the exchange of N mesons 
starts at o? = (Nu)?. Thus, in the interval o?< 942, 
the only contribution to the spectral functions comes 
from graphs involving the exchange of one or of 
two mesons. Apart from the graphs of Figs. 2, 34, 3b, 
the only contributions which arise are those from 
the so-called rescattering corrections to these graphs 


in which the exchanged meson is multiply scat- 
tered by the nucleon before it is reexchanged, 
those due to radiative corrections to the vertices, 
and, perhaps most important of all, those from 
Fig. 5. — Corrections to the graphs in which there is pion-pion interaction be- 

one pion exchange. tween the exchanged mesons. 

Let us consider these corrections in turn. First 
there are the corrections to the one-pion exchange 
eraph (Fig. 2) which we symbolize in Fig. 5. These 


P, Pa correspond to replacing the vertex 737; by the 
AN vertex function 7;;(p», 71). Since, in this diagram, 

© the nucleons are on the mass shell, 7°, is a fune- 

tion only of A? = Hp,— p,)? and so, of course, is 


the propagator of the exchanged meson. Thus the 
Fig. 6. — Lowest-mass state contribution from the graphs included in Fig. 5 
TES Mae to the vertex will be a function only of A®. Any of these graphs 
unction. Dre À de 
will, of course, have a pole at 4°——w?/4 and 
the effect of summing these is just to renormalize 
the coupling constant. However, there is also a cut for A?< —9y?/4 which 
comes from the corresponding cut in the vertex function itself, as may be seen 
from Fig. 6. Th eut macsitato 4 RC S Me. 
CI he lowest mass state in the A-variable, illustrated in this dia- 
ype à € : "Pe ag 1 f 1 j 1 1 
gram, contains three mesons (G-conjugation invariance forbids two mesons). 
Thus, in the interval 7? < 9u? is , leg 
sE val 7? < 9u?, the only effect is to renormalize the Yukawa 
potential at 0° = u?. 
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D D s to th 70- ; cchane POSS a : 
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are shown in Fig. 7. These will renormalize the coupling constant and, in ad- 
dition, introduce new spectral functions for 6? > 16u?; this is clear from Fig. 8. 
In addition, the energy dependence of this graph is altered because of a new cut 
for 7?> Mu+u*/4 as seen from Fig. 9. However, since we have agreed to 
the restriction 7?< Myu+ u?/4, this new energy depen- 


dence may be ignored. Exactly similar arguments ac- il l 

count for the vertex corrections to Fig. 3b. | 
| 

The simplest rescattering graph is that of Fig. 10. 


The energy dependence of this graph can be ignored 

for 7?< Mu+yu?/4 because the threshold for the 72 e 

: 71 “» at pe / sie ha the n° cut tions to the two-meson 
is again at this point. Other rescattering graphs have exchange unerossed 
cuts starting even higher. Thus the rescattering ccrrec- graph. 

tions to the graphs of Fig. 3 are all essentially energy- 

independent and the corresponding amplitudes may be added directly to the 
potential, modifying the spectral function in the region o?> 4u? but leaving 
the local nature of the potential unaffected. 


Nig.7.- Vertex correc- 


> 7 
Se ad 
e EST) 
Fig. 8. — Lowest. mass con- Fig. 9. — Lowest-mass con- 
tribution to new A-cut in tribution to new »-cut in Fig. 10. — Simplest 
Ho 97. Hier rescattering graph. 


Finally we have the pion-pion interaction graphs, illustrated in Fig.11. 
This has a negligible energy dependence for the same reason as does the crossed 
graph of Fig. 3b, and again does us no harm. 


on Rs These considerations enable us to conclude 
ur that we may still define an energy-independent 
FAR potential. For, if for the one and two-meson 
aa ay exchange amplitudes we write 
Fig. 11. — Graph involving 
the pion-pion interaction. (130) HG GE GA Gr 


then, as we have just seen, G‘° is energy-independent for 7° < Mu+y?/4 and 
using the Lippman-Schwinger equation, the second-order part of the potential 


Usi 
19 
or] 
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needed to reproduce this is 


(7.2) Vi ==. GE I > 
= GA ae Gea: (EXC DE ii È 


The only energy-dependent terms of V® are G and I, whose sum we have 
already shown to be energy-independent. 

We wish at this point to emphasize again that at no stage have we invoked 
the static limit (u/M — 0). Indeed, it is clear that this approximation is 
utterly misleading. The part of the potential which we have called V is a 
difference between a set of amplitudes calculated from field theory and cor- 
responding amplitudes arising from the iteration of the Yukawa potential. 
Significant contributions to these amplitudes are the terms involving X and X, 
respectively, and the crucial cancellation insures that X—X, is effectively 
energy-independent. However, X, is just the static approximation to Xx, and 
had we taken the static limit in the field-theoretic amplitude, we would have 
had no contributions from these terms. 

But this is not all. It might be argued that, in any case, the contributions 
involving XY, are small and those involving Y, are even smaller. However, 
the static limit cannot even be applied to the dominant term F (*). This is 
clear on examination of (6.5)-(6.7). The static limit is obtained by allowing 
M/u— oo. The spectral function f(o?) of (A?) involves ®, and in ®, Mju 


occurs in the combination (M Ju?) Vo? — 422 = mq. Thus at the low-mass end 
of the spectrum (g —0) the limit M/u — co is always ambiguous, just at the 
point where the static limit would appear to be most justified. 

We have, in this paper, paid scant attention to the problem of exchange 
forces. Since these are discussed in detail in II, we shall do no more here than 
summarize the method developed there for their treatment. We have cal- 
culated the potential as though the two particles involved in the scattering 
were distinguishable, although each was given an isotopic spin. This has led 
to a potential which is dependent on isotopic spin and which, we contend, will 
generate a scattering amplitude the same as would be obtained in a field 
theory for the scattering of two distinguishable nucleons interacting through 
the meson field. If this scattering amplitude be now antisymmetrized, we 
claim it will be just that for the scattering of indistinguishable nucleons (if we 
ignore pair effects which can only contribute to the extremely short-range part 
of the potential). 


(*) This fact has been derived independently by S. N. Gupra: Phys. Rev., 117, 
1146 (1960) in which he derives a two-meson exchange potential for nuclear scattering. 
Our potential differs from his because he drops the (p — q)? term in the denominators 
of his equation (15). We do not think that this is permissible. 
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The results of this paper are not as satisfactory or complete as were those 
of I. We have here had to rely far too heavily on perturbation theory. As 
we have remarked earlier, we are unable to present our results independently 
of perturbation theory since this would require something which we at pre- 
sent lack, viz. a statement of the double dispersion relations for the scattering 
amplitudes in non-relativistic potential theory for particles with spin. The 
difficulties in deriving such relations are considerable; even the one-dimen- 
sional dispersion relation has so far only been generalized to include tensor 
forces (°). The inclusion of the spin-orbit interaction would seem to consti- 
tute the major stumbling block. 

We do not doubt that double dispersion relations for such potential scat- 
tering are valid, but they probably are true only for the amplitudes corre- 
sponding to an appropriately restricted choice of basic spin invariants. The 
set which we have used, (2.9), may well be an appropriate choice; in any case, 
we can already rule out many possible sets which do not work even to fourth 
order, e.g. that obtained by using unit vectors in (2.9). Once given the double 
dispersion relations, the parallel between the scattering of spinless nucleons 
and that of nucleons with spin could be continued and, as in I, a rigorous con- 
structive definition of the two-nucleon potential could be derived. 

At present we have no way of calculating the contributions from the re- 
scattering graphs or from those involving pion-pion interactions. Semi-phenom- 
enological estimates utilizing resonances are possible, although perhaps pre- 
mature. We have, however, given a prescription for the inclusion of such 
effects. When this is done, we claim that the potential derived should be ade- 
quate for the description of nucleon-nucleon scattering for energies below that 
of the meson production threshold. 


APPENDIX A 


Calculation of field-theoretic two-meson exchange graphs. 


We first show how (3.5) and (3.6) follow from (3.4): 
1 1 al 
(A.1) = 15 [ara fax fay am w(1 — w)[Q2— 28-9 + A}*9,9,, 
-1 —1 9 


(9) J. HAMILTON: Phys. Rev., 114, 1170 (1959). 


22 - Il Nuovo Cimento. 
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where 
(A.2) 
L 1 
3 cr 
Iuv = i 5 [sd] 
2 A 
(A.3) 


(Ad) AMD) yep AM Py) AP MAM) 37 
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S = Acw— (K+ Cy)(1 — w), 
= ww + A(2w — 1) — ie, 

(Po Go Pa) , 

P—N), 

4(P +N), 


i 
| Il 
bole bole role 


1 
de [au far w(1 —— w) [Q? + À — S440.» + 8,85), 
1 0 


st wal) pee a 
3 T° | 
nn, 7 fate fau ar w(1 — w){(A — S?)7 dt N= S32 Che 
—1 -1 0 


E? 
7 


J 2 = 1 72 A2\2 1 
DI Tatar [CE + M)— (K°— 4°) 1 je 
Ae e un De 1 ds 
| ‘224 mM) | [ar 
Il al a! A? 
+ mi tn n° 


~ E° 
(AS) APP) APPIA (MPa AM ae Si 


Vi 
Ale po BE cia orali; 1 
= ta A > 4(E x My [(E , M)4 = (LC? 1} (1 = aw)? UE O, + 
3 Bey? | Li 
| 2 = ae DIO, CNT PSPS A2 
| Lx + Wy (D+ M}? + A A 1] (1 — w)° WE O, - 


Define 


— i 
ku 


(A.6) | ve 


dl 


where A— 8S? = w?w + 


Hy? 1 
+ i I 3 (1 — w)? SE Os + terms odd in y. 


La 1 1 1 
= 7 [ate fau far w(1 — w)(A— S?)-1 
il, 0 


1 
a 1 du] dw w(1 — w) (A — S2)-2 L 


i ae or w(1 — w)?(A — 82)? 
—1 


t+ A?a?(1 — x?) — (1 — 00) + B2y?(1 — w)?— ie. 
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Then X and Y are just as defined in (3.7). Furthermore, integrating by 
parts on y in X yields the relationship 


(A.7) X=E°Z4+F 


and then (3.5) and 


(3.6) follow immediately. 
Similarly, from (3.8), 


1 al al 
(A.8) J ny = À 3 fave farfay far wi — w)[0?— 2R-0+ 211070, 
SET 


where R = 4xw+(Ky+0)(1— w), 


(A.9) TE 0 pee (Ah) RA 


(A.10) AMD.) yay APPIA (MI Pa YA (N) - ply = 


E? 1 
È (4 ep + MU — a} = ON ps Ou 
E°? 1 
= 7 2y,2 D M) re DOTE Le Ri 
i le Yy 2(E ms My [(E | M) TK A | (1 w) Te 0, 
E? De] 
+| y ene 5) (1 — 0)" a7: 0, terms odd in y, 


with 
(Al) A— RB? = po + A2w2(1 — w?) + K?2(1 — y2)(1 — w)? + M2(1 — w)?. 


Equations (3.9) and (3.10) follow from the above if 7, U, and V are de- 
fined as in (3.11) and use is made of the identity 


(A.12) DE RNA, 


which follows by partial integration on y in 7°. 
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APPENDIX B 
Caleultion of the iterated Yukawa potential. 


We start from equation (4.2) 


g* il 
Ter 
Ca) È To Tn) Te ATs 


af 1 
SI I 2 9 92/6 9 . 
(B.2) J = Si [are fae farine + 9?(2w — 1) + pw 2k-(K — Ax)w — de: 
—1 0 


ATK — k)?— 4° — 2i(oy + 6,)-(n— kx A)[(K — k}? 4°] 
— 4o,:(n— kx A)o,-(n— kX A)}. 
Although this integral is linearly divergent, since it is only three dimen- 
sional, no surface terms are introduced by making a translation in the k in- 
tegration. Thus we may write 
(B.3) q = k—(K—Ax)w, 
1 1 


(B.4) Ji an [ara far fav wig? + uw + A*w?(1 — 2?) — g?(1 — w0)? 0% 
se EN 
- {q+ + 2q?[K2(1 — w)*— 4? + A?a?w?| + 4[q- (K(1 — w) — Ax w)} + 
L [K2(1 — w)— A? + Am]? — 2i(o, + o,) n(1 — w)[d® + KA 11) 


— At+ A*w*x?|— 4i[(o, + 02): q X A]g:[K{1 — w) — Axw] — 


— 4{o,-n)(o,-n)(1— w)?— 4[0,:q x Al[o,:q X A] + terms odd in qe 


R À i a ) CU 
lac f 299 5 a (@ \era 


B.5 fq4 + 10927 K2(1 — AD Pap à È 
(BD) gs + 10 q2[K2(1 — w)? + A?x?w® — (1 — w)(K? — A?) —34?]4 


+ [K2(1 —w)?— A+ Aer] ER (1 — 00) — A+ Aro — 21 w)(K2— A°)1}0, Hd 


{o q?(1 — w) 4 2[K?(1—w)?— A? + A?x2w0](1— w)}0, — 
— 4(1—w)?0; + 4q04—$q4°0; . 
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The angular integration is now trivial and results in 


(B.6) Je > O;j:, 


=1 


ioe) 1 1 
n 
15% PAESI 2 7 rator),: 
BT). È sar fue fanfare (numerator), 
0 ul 0 


‘fq? + ww + Aw?(1 — a?) — 42(1 — w)?— die}3, 


where (numerator); is the coefficient of 0; in (B.5). A rather lengthy and 
involved series of integrations by parts, the details of which will be omitted, 
leads to the results cited in (4.4). 


RIASSUNTO (*) 


Si discute lo scattering dei nucleoni ad energie inferiori alla soglia di produzione 
dei mesoni; l’ampiezza è una somma di cinque termini, ciascuno proporzionale ad un 
differente invariante di spin. Un confronto nella teoria della perturbazione fra l’am- 
piezza di campo teoretico e quella derivante dalla teoria del potenziale permette di 
concludere che esiste un potenziale che riproduce l’ampiezza di campo teoretico tramite 
le contribuzioni di scambio di due mesoni. Anche questo potenziale è una somma di 
cinque termini ed è «locale » nel senso che, con una opportuna scelta degli operatori 
derivanti dallo spin, i suoi coefficienti sono indipendenti dall’energia. Si deduce il 
potenziale a prescindere da correzioni di radiazione e riscattering; si osserva ancora 
che il limite statico (u/M--0) non è ben definito. Si calcolano le funzioni spettrali 
per il potenziale. Si discutono le correzioni di riscattering, ecc., e, postulando semplici 
proprietà di analiticità per i diagrammi di Feynman, si dimostra che non distruggono 
la localizzazione del potenziale. Non è ancora possibile dare una prova, indipendente 
dalla teoria della perturbazione, dell’esistenza del potenziale, come è stato fatto per 
particelle senza spin nella parte I, perchè non sono state ancora provate le necessarie 
relazioni di dispersione; infatti non è ancora noto per quale scelta degli invarianti di 
spin ci si può aspettare che esse siano valide. Alcuni indizi su questa scelta di « adatti » 
invarianti di spin vengono forniti dalle limitazioni imposte perchè il potenziale di 
quarto ordine sia indipendente dall’energia. 


(*) Traduzione a cura della Redazione. 
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Properties of the Momentum Space Analytic Function. 


RARA) 
Department of Physics, University of Illinois - Urbana, Lil. 


N. BURGOYNE 


Department of Mathematics, Princeton University - Princeton, N.J. 


(ricevuto il 4 Luglio 1960) 


Summary. —- Using only the fundamental assumptions of Lorentz co- 

variance, locality, and mass spectrum we derive certain results concerning 
the analytic function in momentum space. The boundary values of this 
function aro closely related to the scattering amplitudes. 


In field theory the n-fold analytic function in momentum space is obtained 
by studying the retarded functions (1) 


(1) nd) EI) Mo 
where 
(2) W (ia, cs te) = CO|A, (me) A; (a) [0 


| (*) On leave from the Department of Nuclear Engineering, Kyoto University, 
Kyoto, Japan. | | 
1 TI) TN 7 
< (1) H. LEHMANN, K. SYMANZIK and W. ZIMMERMANN: Nuovo Cimento, 6, 319 (1957); 
: Cose, SEE and W. ZIMMERMANN: Nuovo Cimento, 6, 1122 (1957); see 
also G. KALLEN: Dan. Mat. Fys. Medd., 27, no. 12 (1953). Our notation and that of 
the first named authors are related as follows: r,(x dr) = (OA Gn) 
Formula (1) is equival ; initi i sich eee ior, aa 
(1) quivalent to the definition in terms of multiple concern 
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The A,(v,) are relativistically covariant (?), local fields, satisfying suitable 
Spectrum conditions (**). In formula (1) 0,(jk) — O(+ (x, —x)), and the sign 
choice for each 0 is uniquely determined by the requirement that x, be ad- 
vanced with respect to all the other #;. The overall sign for each term depends 
on whether there are an even (+) or odd (—) number of « —» subscripts. The 
sum is over all permutations of (1 2...”). Since 7, vanishes unless all x, 
(à = 2,..., n) are retarded with respect to x, its Fourier transform 7,(p,, es) 
can be extended to a function H(s,,...,s,), analytic for q2., ds, ---, MEV, 
where s = p-+iq and V is the interior of the past light cone. Due to trans- 
lation invariance in æ-space 7, and H are only defined for s,+s,...+s, — 0. 

Recently a number of people have independently investigated in detail 
the properties of H that follow solely from relativistic covariance, locality and 
mass spectrum. In the 3-fold case the situation is well known (*. The 4-fold 
case was first fully explained by STEINMANN (5), who also obtained impor- 
tant results for the general case. RUELLE (°), has, for the n-fold case, de- 
rived a simple characterization of the domain of analyticity of H. He also 
has indicated methods for obtaining many of the general properties of H. 
Independently of each other and using different approaches the present authors 
have also investigated the n-fold case. Our results go beyond those of STEIN- 
MANN in that we consider all possible boundary values of H (and give their 
explicit description and properties). The inverse Fourier transform of these 
boundary values will be generalizations of the usual retarded functions (1). 
We have found (see also STEINMANN (5)) the necessary and sufficient conditions 
on these functions for them to be obtainable from the W-functions (2). These 
conditions are a) relativistic covariance, b) retardedness in certain variables 
in #-space, e) identities among them in p-space for real momenta below threshold, 
and d) certain, identically satisfied, linear relations among them (the Stein- 
mann relations). From these generalized retarded functions we also obtain 
directly the results of Ruelle and extend them to include the details of the 
mass spectrum. As an example of our results we now give explicit formulas 
for the physically interesting cases n = 4, 5. Our results for the general case 
will be published later. 

For the 4-fold case, the boundary values of H(s,, ..., s,) are denoted by 7;, 
d;, Tix, Gj, as the g's approach zero from inside the cones V;(4—), V;(44), Vin(4 —) 


(2) As written, (1) holds only for commuting fields. If spinor fields are included 
the factor oi, ..., i,) =sign of permutation of the anticommuting fields must be in- 
cluded on the right hand side of formula (2). 

(3) A. WIGHTMAN: Phys. Rev., 101, 860 (1956); G. KALLÉN and A. WIGHTMAN: 
Mat. Fys. Skr. Dan. Vid. Selsk., no. 6 (1958). 

(4) R. Jost: Helv. Phys. Acta, 21, 263 (1958). 

(5) O. STRINMANN: Thesis, Zurich, 1959 (unpublished); Helv. Phys. Acta (to appear). 

(6) D. RUELLE: Thesis, Bruxelles, 1959 (unpublished). 
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V;.(4-+) respectively. The various cones are defined by 


V; (4 +) = all q such that 4%, Gp ds ears 


3 
| Vix(4 +) = all q such that — dx, (det Gals (de + dn) E Vi ’ 


where (jkmn) = permutation of (1234). Here 7; and à; are the Fourier trans- 
forms of the usual retarded and advanced functions, and 7; is the Fourier 
transform of a function r;x(&1, +-+, La) defined by the right hand side of (1) 
where now, however, the subscripts of the Os are (uniquely) determined by 
the requirement that #, be advanced over %, and %n, while x, be advanced 
over either æ, or æ,. To obtain aj, read «retarded » instead of « advanced » 
in the previous sentence. 

H will be analytic at all points obtained by applying a complex Lorentz 
transformation to any point (s,,..., si) with its imaginary part (dis: di) ga 
one of the cones (3). We note that this domain of analyticity for H can quite 
probably be further extended by à (non-trivial) analytic continuation as was 
done for the massless 3-fold case by KALLEN and WIGHTMAN (°). The 32 bound- 
ary values given by (3) are not linearly independent but are restricted by 
6 identically satisfied Steinmann relations 


(4) T;r(P1, era Pa) Ti Tri(P1 SL) Pa) = Bnn(Pr5 3.889 Pa) stu dnm(P1; DSC) Pa) ° 


Letting Mx, Mim (= Mn; = Min), be the relevant thresholds the mass spectrum 
implies the following conditions, 


n if p< M} then) 7; (Diy. Da) = Vin Piy Dale 
LEMP ye Pin) M then T;x(P1) +0) Pa) = Gmn(P1s ++) Pa) - 
The metric is (+ ———). 


For phe? ui caso, the boundaryv alueso f H(s,,...,8,) divide into six 
classes, 7,, Tins 7, Fi 


Mes Fim? "itm AU 7,,,: They are obtained as the g’s approach 
zero from inside the cones, 


V(5—) =allg such that dx, du, Gn. DEV, 
Vi:(5 =) = all q such that) — dr, (dx SR dali (dr ste dn), (dx 2 d+) eve a) 
AG =) = all q such that (4; + ms (4; + An); (di + di), (dx "n Am) ’ 


7 (dx ni Qn), (dk Sh du), eve ’ 
Vix m(5 =) ae all q such that Am) a: (dx = das (de se dali (dr + do) E Va ’ 


(6) 


VE =) a all q such that sr (Qi tm), (di + dm); (dt du) (dtd) EVS 
Vi em(5 —) = all q such that In di (di # dr), (di Le q e 
a m — 9 
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where (jkmnt) = permutation of (12345). Similar definitions hold for the cor- 
responding advanced functions and the cones V(5+). There are a total of 
370 such functions. As before, 7; are the usual retarded functions, while the 
other generalized retarded functions are defined in a manner exactly analo- 
gous to the 4-fold case. Reading «advanced over » for the symbol «> », their 
supports are, 


Tir EZIO node and Ly > Ly OF Lyn OY %, 


(7) 


limi Cs > Un, Li) 48: Id, OL, and Ol Le Wan 
È I . . . 

fOr Ty.) Tom ANA 7; mn Similar relations hold (7). However these last three types 
can also be defined directly in terms of the r,, and r;, by using the Stein- 
mann relations, 


Tn(D1 weiss Ds) a pi, DON} Ds) = T;k,n(P1, DES] Ds) aii Tiv,t(D1 GO) Ds) , 


(8) TP: EE) Ds) = T sem (D1) CO) Ds) = Tirn(P1s IDO) Ds) + Trai So] Ds) 3; 


EU 


TP OT) Ds) + Tm,an (Pr) JS | Ds) ae Tim (2 au Ps) "E tibi; 2a) Ps). 


There are similar equations for the advanced functions. Altogether these 
220 independent relations reduce the number of linearly independent boundary 
values to 150. To complete the 5-fold case we give the conditions that follow 
from the mass spectrum. As before if M, and M,, (=M,x) (8) represent the 
various thresholds then 


if DÌ < ne then T; = Tir and Yim, = Aj nt 5 
\ > T2 ge. deri: =! es 
(9) iL (Pr Sr Pm) a Min then Tir Pas Pr, ’ UP == Mn , 
~ add I ~ 
and Yin = Tyres ram = Tmyki è 


The time-ordered function can be expressed in terms of the analytic func- 
tion H. Let 


(10) Ts vue) Pn) = DA) Obata) Oa lina tn) Wir ses da) 


then 7(p,, ..., Pn) its Fourier transform is the boundary value of H as (4, dn) 
approaches zero from inside the cone in which (pi, --., Mn) lies. If some p; or 


(7) An alternative way of determining the + subscripts for the @’s is to take 
0, (ixi,41) according whether (4; +...+4;,) £ V for q in the V’s of (3) and (6). 

(8) We note that these thresholds will in general differ from those in the 4-fold case, 
to avoid unnecessarily complicating the notation we however use the same symbols. 
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(p;+ Pr) ete., are space like or below threshold then by (DIEDE (9) the Corns 
ete., can approach zero in either V, or V_. Should 
hen the scattering amplitude is directly 
H. Finally we mention that the W- 
can be expressed in terms 


to equation (1). 


ponding q; or (qi+ dx), 
one assume the asymptotic condition, t 
connected with the boundary values of 
function (2) (with all vacuum structure truncated) 
of the generalized retarded functions in a manner similar 


The authors wish to thank both Dr. O. STEINMANN and Dr. D. RUELLE for 
kindly communicating to us their work before publication. One of us (N.B.) 
thanks Prof. A. WicHrman for informing him of the earlier work of RUELLE 
and STEINMANN and also for numerous helpful discussions. 


RIASSUNTO (*) 


Facendo uso solamente delle ipotesi fondamentali della covarianza di Lorentz, 
località, e spettro di massa deriviamo alcuni risultati concernenti la funzione analitica 
nello spazio degli impulsi. I valori ai limiti di questa funzione sono strettamente con- 
nessi alle ampiezze di scattering. 


(*) Traduzione a cura della Redazione. 
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Coherence Properties of Blackbody Radiation. 


R. C. BOURRET 


Hughes Research Laboratories, A Division of Hughes Aircraft Company - Malibu, Cal. 


(ricevuto il 12 Luglio 1960) 


Summary. — An explicit calculation of the space and time correlation 
functions of the electric field components in blackbody radiation is given. 
These functions are determined by the statistics of a photon gas since 
the Planck distribution law is essentially the power spectrum of the field 
fluctuations. The spatial coherence functions are developed in close 
analogy with the theory of isotropic turbulence of an incompressible fluid. 


1. — Introduction. 


In recognition of the operationalism of much of contemporary physics it 
has lately been stressed, notably by WoLr (!), that the true observables of 
optics are not the fluctuating microfields themselves but various quadratic 
averages of them which are purveyed to us by detectors. The observables of 
greatest interest at the present time are the choerence functions of the electric 
fields, %.e., 


CE, t1,) E;(fa, ts)> ’ 


where the brackets signify an average over time. The canonical detectors for 
the determination of these quantities are polarizers, phase-plates and inter- 
ferometers. Generally such coherence functions depend upon the properties 
of their sources (natural linewidth, polarization, line broadening, etc.) and 
upon the geometrical relations between source and detector. There is one 
case, however, in which these coherence functions depend solely upon the 
intrinsic statistical properties of the photons themselves (î.e., Bose-Einstein 


(1) E. WoLr: Nuovo Cimento, 12, 884 (1954). 
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statistics) and the relative co-ordinates lr.—r,| and \t,t,| of the coherence 
functions, namely, the case of blackbody radiation. We believe that this spe- 
cial case is of sufficient interest to warrent the explicit evaluation of the spatial 
and temporal coherence functions, which are developed in the following pages. 

Consider the radiation field enclosed in a cavity with whose perfectly ab- 
sorbing walls it is in thermal equilibrium. Its energy density (in Gaussian 
units) is 


(1) C= CE Dee H- Bie 


We assume the cavity to be a vacuum in which (apart from dimensions) 


(2) Den pe He 
and 
(3) div = div k= 0” 


These last relations will be required later. We assume, moreover, that the 
radiation is isotropic and homogeneous, and that 


(4) QE EES 


The bracket symbol indicates an ensemble average at the same position and 
time in a large number of equivalent cavities. We shall require the ergodic 
hypothesis, too, since we shall need to regard the ensemble average as equal 
to the time and to the space average of fluctuating field quantities. The iso- 
tropicity of the electric field may be stated 


(5) (E;E;) = KE?) 655 (no summation). 
With (2) and (1) equation (5) becomes 


AT 


(6) {E;E;) == 3 daU. 


2. — Coherence functions and the wave-equation. 


The quantities we wish to derive are the cross-correlation functions of the 
electric field components, namely, 


= 
1 
— 


Eiri, ty) E;(r, ta) « 
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If now, stationarity in space and in time is assumed, these quantities depend 

only upon the spatial and temporal differences r=r,—r, and t=t,—t. 
Making this assumption, we define the quantities of interest by 


(8) Gir, t) = <E;(r, 4) E;(r2, te)> - 


WOLF (') has described quantities similar to our é;;(r, t) which presuppose 
only temporal stationarity of the field fluctuations. Thus he writes 


(9) Cisti, Post) = CH, (r1, t,) Eros te)> . 
He then observes that these functions satisfy the two wave equations 


196, 


ee) e? aft = Vids ; 
RG ees 
(100) e? SETT] == VE O jj «+ 


Our stipulation of spatial stationarity enables us to write, in place of equa- 
tions (10a) and (100), the single equation 


1 E 
(11) N 


This may be shown in an elementary way from the definition é,; and the 
assumption that the electric field components individually satisfy a wave 
equation of the form of equation (11). From the nature of stationary and 
isotropic fluctuations, it follows that the 6;; must be even functions of the 
arguments r and t; thus, a general even solution of (11) may be composed from 
the elementary solutions 


(12) exp [i k-r] cos ket 


by the integral 


(13) &;;(r, t) = exp [ik-r] cos ketf;;(k) dk, 


providing that 
(14) fi(k)=fi(—k). 
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We now examine the case of simultaneous correlations (i.¢., t= 0). Equa- 
tion (13) becomes 


(15) &,,(r, 0) = [exp [ik-r]fi(k) dk . 


3. — Boundary conditions and the Planck radiation law. 


The functions represented are the spatial cross-correlation functions of the 
vector field components #,. They are analogous to the velocity correlation 
field studied in the theory of homogeneous turbulence. In particular, they are 
analogous to the correlation functions of velocity in isotropic turbulence. The 
further restriction to the turbulence of an incompressible fluid, guaranteed by 
the condition 


(16) divv= 0, 
has its exact equivalent in our vacuum condition, equation (3): 
(17) divE=0. 


Under these conditions of incompressibility (here, equation (17 )) and iso- 
tropicity (equation (5)) it has been shown (by BATCHELOR (?), ROBERT- 
son (*), and KAmPÉ DE FÉRIET (‘)) that f.;(k) takes the special form 


(18) f.(k) = A(b)(K? dò, — Kiki) . 


We have now only to determine the scalar function A(k). This can be done 
as follows: Substitute (18) into equation (13) for the special case in which 
r—0. There results, after an integration over solid angle, 


[co] 


8 
(19) &i5(0, t) = (= eto cos ket dk . 


0 


Now according to the Wiener-Khintchine theorem the time cross-correlation 
functions (in our case &;,(0, t)) if stationary random functions are derivable 


(2) G. K. BaTcHELOR: The Theory of Homogeneous Turbulence (Cambridge, 1953). 
(3) H. P. RoBERTSON: Proc. Oamb. Phil. Soc., 36, 209 (1940). 
(4) J. Kamp DE FÉRIET: Introduction to the statistical theory of turbulence-correlation 


and spectrum, Lecture Series no. 8, Institute for Fluid Dynamics and Applied Mathe- 
matics, University of Maryland (1951). 
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from their cross-spectral densities by the formula 
[co] 


(20) E ;;(0, t) = [2,0 cos ket dk . 


0 


It is thus easily seen, by comparison with (19), that ®,,(k) and A(k) are 
related by 


8 
(21) BE) = 3 Sisk* A(E). 
The cross-spectral densities are simply related to the Planck distribution 


function for blackbody radiation since the total energy density, U, is the 
summation of the energy densities at all wave numbers. Thus 


[co] 


Di U — 4he [  kedk Pi he 
Be) MSA IEZZO GTA 
0 
Equations (20) and (6) give 
ence 
(23) 8:10, 0) = CEE) — BU =| B,s(h) dk. 


0 


Hence we obtain for ®,,(k) the expression 


/4\2_ k3 
A D;;(k) = (5) hed, exp [ak] — 1° 


Using the relation (21) we obtain for A(k) 


2he I 
(25) KA (ki CREA 
The coherence matrix &,,(r, t) can now be obtained by the straightforward 
use of (13). It will be more instructive, however, to calculate the time and the 
space coherence functions separately, and to examine only special forms of 
the latter called the lateral and the longitudinal correlations (to be defined 
later). The time correlation functions are obtained from equation (19), and 
they prove to be 


4\2 1008 f sin ket dk 
(26) & (0, t) = — (3) hed; 3 ae [ok] —1’ 
0 
8 3 (B\ 7m _ ne 
(27) OL tele ni la 
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ib * 
(28) L(r) = etgh t — si ye 


Iaia dl 


This coherence function (**), conveniently normalized, is displayed in Fig. 1a. 
For purposes of comparison, the corresponding coherence function for the 
(rather artificial) case of a one-dimensional pencil (one degree of freedom in 


(*) Called the Langevin function in statistical mechanics. 
(*) The author has just learned of some umpublisded studies by G. HULTGREN 
of the California Institute of Tecnology in which this result, equation (27), is derived 
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wave number) of blackbody radiation is easily shown to be 
(29) Oy; (0, à) & L'(r) 


’ 


and this function is presented in Fig. 1b. 


4. — Spatial coherence. 


Because of the complications due to the vector character of the fields, the 
spatial coherence functions may be more easily interpreted if attention is con- 
fined to the longitudinal and the lateral 


case, %.e., the cases in which the spatial x: 
J 
separation is parallel and perpendicular, e'979 (OX (E;(0,6)E; (nt) 
STRA ARI ASA) pM? 


ij 


respectively, to the direction of a typical 
autocorrelated field component. The defi- 
nitions are illustrated in Fig. 2. For brevity, 
we shall avail ourselves of some of the 
eneral formulae of the kinematics of iso- 1 l 
a turbulence of incompressible fluids. Se Cr 
One such result is an expression for the 


ef (7,0)=(G@tE (rt) 


(simultaneous) longitudinal correlation 


function in terms of A(k). It is given 


(see e.g., Pat (*), page 228) by si 
= Ane 
(30 EW(7, 0) = | RAG) ga br dk. 
it ys 
0 
It is convenient to rewrite this in the form 
(31) Cr 0) = Bu 1—r ie k A(k) sin kr dk. 
ile È rs or 
0 
Use of result (25) in this gives 
Shen 1 © TT 
(82) fn) x Sa a : (Er), 


(5) Sera-I Par: Viscous Flow Theory - IT: Turbulent Flow (New York, 1957), p. 228. 


23 - Il Nuovo Cimento. 
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where L(a#) is the Langevin function defined previously. This longitudinal 
coherence function is shown in Fig. 3. It is a standard result (*) of the theory 


Fig, 3. 


of the kinematics of incompressible isotropic turbulence that the longitudinal 
and the lateral correlations are related by 


(33) Estr, 0) = f a =) Sgr, 0). 


2 or 
The lateral coherence function is shown in Fig. 4. 


1.0 
09 lar 

08 Ea; (0) 
07 

0.6 

0.5 

0.4 


(ACE JR PAT op cite D 93. 
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Tf it is desired to include the time (difference) dependence into the longi- 
tudinal or lateral coherence functions, one may simply replace A(k) by 
A(k) cos ket in equation (29). By virtue of an elementary property of sine 
transforms there results 


(34) C2 (r, t) = = [Eo (r + ct, 0) + E(r — ct, 0)], 


KS 


and similarly for the lateral coherence function. 

The results obtained here for the electric field are applicable without change 
to the magnetic field in view of the assumption <E?) = <H?) and since 
div H = 0 is always satisfied. 

If coherence functions for the vector potential are developed, cross-cor- 
relations between electric and magnetic fields may readily be expressed. This 
would be, in fact, a more satisfactory procedure from a general point of view, 
but the additional information obtained from it is of little value. One point 
however, seems worthy of mention, namely, that the time coherence of the 
vector potential is identical to that obtained for the electric field in the ficti- 
tious example of one-dimensional cavity radiation, Fig. 1b. This can be seen 
as follows: define 


(35) A;;(0, t) = <A;(0, t,) A;(0, t3)) ’ t=t, i, 


Differentiating and using the stationarity of the bracketed function, we 
find that 


| (36) 2,(0, t) = — <Aj(0, 4) 4/(0,1,)}. 


We are free to choose Coulomb gauge (in vacuo) i.e, div À — 0 and 
g= 0, so that 


TP 
(38) E(0,0)=—740,1). 
Substituting this into (36) gives 
(39) SL" (0, 1) = — cE,(0, t,) E;(0, &)> = — c26,,(0, t) . 


J 


Referring to equation (27) shows finally that 


(40) (0,1) = di, 3 ho (7) L'{r) & 60, t) 


The vanishing divergence of A in this gauge makes possible the same 
development of spatial coherence functions for À as was employed previously 
for E (or H), but we shall not develop the potential coherence functions further. 
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APPENDIX 


Explicit formulas for coherence functions shown in the figures (subscript 
is figure number): 
) = 15 cosech* @ [3 cighto—1]— È 
fu(æ) = 15 cosec x [3 ctgh? x — 1] — a 


3 
fu(æ) = — 3 cosech? x + me 


208 


21 


4 2 
falæ) = => teh x + x cosech? a — le 


1 ip 
(2) =— |—— cosech? #-ctgh a — — cosech? a — on ctgh 2). 


De 20 


Since all these functions take the form of small differences of large numbers 
near 2 = 0, it is convenient to employ the following series expansions around 
the origin: 


thee Php 
— il - n 2 ,2n—4 
fa) 7 2 DA (2n)(2n — 4)! ; 
143 Ò 1-1 2°" Ban 
AVAL =— | )#—1 —____——_—_ 2n—2 
De 7 2! (2n)(2n — 2)! Sai 
4D = dan nL) Ban aan 
ne ty ae! em 
45 Sp 2820 — 1) Bans 
lO) = 1 + — al 5 2n-4 
se 2 DA ) (2n)! 


RIASSUNTO (*) 


Si presenta un calcolo esplicito delle funzioni di correlazione dello spazio e del tempo 
delle componenti del campo elettrico nella radiazione del corpo nero. Queste funzioni 
sono determinate dalla statistica di un gas fotonico poichè la legge di distribuzione di 
Planck è essenzialmente lo spettro di potenza delle fluttuazioni di campo. Si sviluppano 
le funzioni spaziali di coerenza in stretta analogia con la teoria della turbolenza isotro- 
pica di un fluido incompressibile. 


(*) Traduzione a cura della Redazione. 
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The Two-Body Problem in the Extreme Relativistic Limit (*). 


K. BAUMANN and W. THIRRING 


Institute for Theoretical Physics, University of Vienna - Vienna 


(ricevuto il 15 Luglio 1960) 


Summary. — In view of the composite model for elementary particles 
the two-body prob'em is studied in the extreme relativistic limit. Spinless 
particle-antiparticle bouhd states are investigated for a single massless 
self-interacting Weyl field. High momenta are suppressed in a Lorentz 
invariant manner by introducing a heavy auxiliary boson. A Bethe- 
Salpeter equation is set up in the ladder approximation. The consequences 
of the continuity equation are studied in the same approximation and 
are shown to be fulfilled automatically only for scalar bound states. 
A new method is presented for solving the Bethe-Salpeter equation. 
A spectral ansatz is made for the wave function which leads to a one- 
dimensional integral equation for the weight function when the rest mass 
of the bound state is neglected. This integral equation is solved in the 
Fredholm approximation for a somewhat modified cut-off prescription 
in the scalar case. With the same restriction, the eigenvalue is found 
also in the pseudoscalar case. It is shown that the method of solution 
can be extended to any order in the rest mass of the bound state. 


1. — Introduction. 


Many years ago, FERMI and YANG (') raised the question if the funda- 
mental strong interaction could be a contact interaction between nucleons. 
They suggested that pions might be considered as composite systems, con- 
sisting of a nucleon and an antinucleon bound by this contact force. If so, 
the bound state problem is an extreme-relativistic one, and should be treated 


() Supported by the United States Government. 
(1) E. Fermi and C. N. YANG: Phys. Rev., 76, 1739 (1948). 
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by a Bethe-Salpeter equation. This has been done by a number of authors, 
we only mention Z. MAKI (?) and J. V. POLUBARINOV (*). These authors 
consider a Bethe-Salpeter equation in the chain approximation. Im this case 
the problem of solving the integral equation for y(%, Y) reduces to a deter- 
mination of x(a, v). Generally the introduction of some cut- off device is nec- 
essary to get finite expressions. 

One of us has tried to reduce all strongly interacting elementary particles 
to three fundamental massless Weyl fields (*). There for a particle-antiparticle 
bound state one finds y(#,v) = 0. Therefore one has to smear out the inter- 
action such as to make the integral equation a non-trivial one. This we shall 
do by introduction of an intermediate vector boson which nowadays is quite 
popular. 

So far Bethe-Salpeter equations in the extreme-relativistic case have been 
solved only when the mass of the intermediate boson is zero (**). Here we 
are faced with the opposite case of a boson whose rest mass is large compared 
with the other masses in the problem. We shall present a method of getting 
a solution of such an equation as a power series in M~*q? and M?q"0,, where 
q’ is the energy-momentum of the bound state, and M is the rest mass of the 
heavy boson. 


2. — Reflection properties. 


The theory we consider is invariant under the operation PC = R. The 
fundamental two component spinor thereby transforms like 


(1) 


We suppose that there exists a spinless bound state which we would like 
identify wity t Ne ring ZIMMERMANN 
to identity wity the pion (°). Following ZIMMERMANN (1°), then, we can define 


(??) Z. Maxi: Progr. Theor. Phys., 16, 667 (1956). 
(ISTE Le POLUBARINOV: Nucl. Phys., 8, 444 ee 
(*) W. THiRRING: Nucl. Phys., 10, 97 (1959); 14, 565 (1960). Also the equation 


investigated by HEISENBERG et al. corresponds to a anto of the nucleons by 
Weyl fields. 


(5) J. S. GOLDSTEIN: Phys. Rev., 91, 1516 (1953). 

() G. C. Wick: Phys. Rev., 96, 1124 (1954). 

) R. E. CurKosky: Phys. Rev., 96, 1135 (1954). 

) S. OkuBo and D. FELDMAN: Phys. Rev., 117, 279 (1960). 
(*) For simplicity, we neglect isotopie spin degrees of freedom. 
10) W. ZIMMERMANN: Nuovo Cimento, 10, 597 (1958). 
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a pion field operator g(x). We must have 
(2) Rq(x)R1 = — P(Tr) , 


since empirically the pion has odd parity and even charge parity. In what 
follows we shall treat the more general case 


Furthermore, there exists an antilinear operator TCP = 0 which leaves the 
theory invariant. We have 


(3) Oy(x)O = y'(— 2), 
(4) 0 pix)O 1 = p(— 2). 


The properties 
(5) tl, Yy 2) TYP) 
resulting from (1) to (4) are readily examined. #-invariance yields 
(6) T(, Y, 2) = FT (Yrs Urs 2r)G , 


the two signs corresponding to the two possible signs in (2). @-invariance 


leads to 


(7) ciau) 

The Bethe-Salpeter wave function of a pion with energy-momentum 4g, 
(8) daté, y) = Ol pw) pm) |@ 
is connected saith T(æ, y, 2) by 


(9) Xa(®, Y) = em fas exp [— igz](O,— x?) +7(4, y, 2) . 


If we separate the center of mass motion, 


(10) Xa(e, y) = exp [— 13 4(@ + Y)] Gale — y), 
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we find from (6), (7) 
(11) alt) = + IP %) » 
(12) Pad) = — P_i #) - 


The last two equations are equivalent with 


(13) que) = (ox) {(22, (x?) + (cO(42)) g(a, (0?) , (scalar) 
(14) que) = (09) f(w2, (Ga)?) + (00)(42)) gla*, (42)?) , (pseudoscalar) 


3. — Bethe-Salpeter equation. 


We shall get approximate expressions for the functions f, g by solving a 
Bethe-Salpeter equation in the chain-approximation. In order to get finite 
answers, it is necessary to introduce a momentum (exchange) cut-off M. This 
we do in a Lorentz invariant manner by introducing a heavy auxiliary boson 
of mass M, thus writing down a ladder approximation instead of a chain 
approximation. 

Thus, the field equation is (1) 


(15) (5, p—AA)p = 0, p=i0, 


which we use to get 


P ,P,o" <0|T'p(a)y* (2°) |a" = Po" 0 |Ty(a) pia) A,(@)A,(2") |Do” = 
ce AXTA,(2)A,(a')>, 80 | Ty) yp" (e), 


or (3) 


(16) (p — 39),(p + 24), o*p(a)o” = — 204° G(x) A;(x, M°), 


(1) The reader is reminded of the types of o’s: 


o,~ (1, 0), oi (1,— 6), 
o,~ (1,—0), = (1,0). 


(2) It should be noticed that we have derived a Bethe-Salpeter equation for two 
massless nucleons. However, vanishing of the physical nucleon mass is not a conse- 
quence of the zero bare nucleon mass in this theory, except in perturbation theory 
as has been pointed out before: W. THIRRING: Nucl. Phys., 14, 565 (1960). Our Focal. 


should be understood as a zero order approximation in the nucleon mass, in a sense 
which will be shown below. 
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where 
(17) @(@) == — 20, P(x)o" 2 
That is, by virtue of 


(18) 65,0" =— 20 


v 


we get (x) from (x) by replacing all os in (13) and (14) by @’s. 


equation (15) has still another consequence, namely 


(19) P,ip'(elotp(a):= 0. 
Hence 
(20) P,<O|:p'(ayo"y(2):|a> = — 4, exp [— iqæ] Sp [¢,(0)o"] = 


361 


The field 


= — exp [— igx] Sp [p.(0) (oq)] = 0 - 


This is identically satisfied by any scalar wave function (13). It is satisfied 


by a wave function of the type (14) provided q?= 0. 


One can derive a more general condition for the Bethe-Salpeter function 


from (15). Rewrite (15) as 


(1) pla) = Pou (©) + | da! Spa — 2A) pla) - 


Now [y(x), y*(2)] can be expressed in either of the following ways: 


vt L | dz’ S,(@ — 2)otAx(x')y('), yr(x) 
and 


vio, er (a) + i dan! pt (a) AM ee!) SE a — ") 


The same approximation which led to eq. (16) yields 


(22) L<0|[y(x), yt(æ)] 4A’(x)|q> = [aw A‘*)(x' — x) S,(a@ — x')o” (2, 


= 


= [ar Ag — x) ya, e) Sz (a — 2’), 


which is certainly fulfilled if 


(23) See) yal’, ©) = gle, 0) Sr (x — 2"). 
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Now S,(#) is proportional to (ox), furthermore 
Si (a) =— i(00) Aa) = — 8, (a) , 
so that (25) and hence (24) is automatically fulfilled by the scalar wave function. 


In the pseudoscalar case the condition (20), (22) can be checked only after 
one has solved the Bethe-Salpeter equation. 


4. — Sealar solution. 


We seek a solution of eq. (16) in the limit of g° M, m?<M? (m is the 
nucleon mass), and try the following spectral ansatz: 


(24) P(e) = (op) | a {o1(@) + do(a) + (GP)? os(a) + ...}4x(2, à) + 
+ (aq)(qp fata (a) + ...}A4;(2, a). 


This is in agreement with (13), and furthermore, it is of the general form 
derived by Jost and LEHMANN (!) for matrix elements of the type 
T<a|A(r) B(y)|B). Hence we are safe that our solution will not violate any 
analytic ie requirements. 


Introducing (24) into (16) and keeping only the leading terms in q, we get 
the equation 


(25) cop [ae 0,(a) A;(a, a) (op = (an) | deca oto 0,(4) g(a, e)e A hy @) 5 
where g(a, ¢) is defined by 
(26) 2122 Axa, M*)p, A;’x, a) = pa fac gola, c)c A;(x, €) 


and is calculated in the Appendix. The r.h.s. of (25) can be rewritten by the 
use of 


(27) cA;(x, €) = p? Laits c}— | de’ d(d') A,(a, el 


{ ’ 


(13) R. Jost and H. LEHMANN: Nuovo Cimento, 5, 1598 (1957). 
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so that we finally get 
(28) copine [ae A,(a, 0) e1(¢) = 


= (on) [ac A;(2, ¢) | fau 0,(a) g(a, e) — ot) fata fat o,(a) gla, 2) 3 
The following integral equation is sufficient for (28) to be fulfilled: 
(29) 0,(6) = fo 0,(@) g(a, e) — die) [aa fav 0,(a) g(a, db) . 
It is an immediate consequence of (29) that 


(30) fato 0 AUr 
If we put 
(31) o(¢) = Ô(c) + ole) 


we get from (29) the pair of equations 


(30a) a(¢)= go(0, €) + fata o(a)go(a, €), 
(32b) foi) de = — 1. 


The slow decrease at infinity of 
(33) gola, e) = (A/Am)®e-8[(¢ + a — M?)?— Aacl(c + a — M0(Ve—va—M), 


(see Appendix) keeps us from getting a finite fo(0) de for the first Fredholm 
approximation of o(¢). The solution of this difficulty will be given in a forth- 
coming paper. We shall now examine the solution of the Bethe-Salpeter equa- 
tion corresponding to a somewhat different cut-off prescription. On the r.h.s. 
of (16) A,(~, M?) will be replaced by — 04,(x, M?)/0M?. This changes (33) into 


À? 1 (c+a— M?)?— 2ac 


‘ERÙ ‘a, €) = 0(ve—-va- M). 

eo.) Go(% €) 82? 6° [(e + a — M2)? — 4ac]? iv vi ) 
This, in a first approximation, leads to 

(34) o(¢) = (A?/80?) c-3(e — M?) O(c — M?) , 


i 
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which, combined with (326), yields 
(35) (Al4x}? = — M? 

Hence we get a scalar solution of the Bethe-Salpeter equation for an imag- 
inary value of the coupling constant only. Of course, reality of À means her- 
miticity of the interaction as long as we work with eq. (16). But introducing 
— 0A;(a, M?)/2M*? as a boson propagator corresponds to having ghost states 
anyhow, and we might as well replace 2? by — }? and at the same time con- 
sider + 04,(x, M?)/0M? as the boson propagator. Hence the reality properties 
of 2 do not mean very much in these preliminary calculations. 


It should be pointed out that the method of solution presented here may 
be extended to any order of q*?. Thus, putting the integrands of 


(opère [ae Azio) 
(op)q?p° i de A;(2, 6), 
(op)(4p)p° | de À;(x, €), 
(op)(dp)p° | de A(x, 0) 


on both sides equal, we get four integral equations for the functions 01, 02, 03, Ox 
n (24). 


o. — Pseudoscalar solution. 

We now restrict ourselves on a discussion of the equation 

(36) (5, p +44) p(")(G, P— 34) = 22? Glew) 04,(x, M)/OM? . 
In lowest non-vanishing order in q the spectral ansatz is 

(37) Paz) = (on) [a (a) A(x, a) + (on)(ap) | a g(a) A;(2, a) . 


By the use of (27), then, the Lh.s. of (36) becomes 


O(a) ee 
~2 010) Jar FE + ate} — 


— ave [oe A,(#, 6) 0(6); 


AS 


(38) Cop)(ep)p* [ac 4, 
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whereas for the r.h.s. using the combination formulae derived in the Appendix 
we get 


(39) (Gy) [ee cA,(2, c){o(a)go(a, €) + o(a)g:(a, 0)} + 


ae (Ep) (ap) | de dacA;(æ, ¢) (a) g,(a, €). 


Here 
lata, -È ane M le + à — M*)* — 4acl-10(V8— va— M), 
(40) Le, g(a, 6) = a a soa si a : = re me 0(ve—va—M), 
| 
| g.(a, €) = de a Ta ca [(c + a — M?)?— 4ac 0Vve—va— M). 


Again using (27) we are led to the pair of integral equations 


(4la) (0) = fo (o(a)go(a, e) + o(a)gs(a, €)) — 


— d(e) | da db (9(4) go(a, 9) + O(4).go(a, B)) , 


(41b) aie) =—2 0 fn to c) da +6 (fa fe ae b+ fraz gta, D}. 


(43) (ce) = 20 (6) + ad(e) + oe) 

and get the following equations for 6, 6: 

(44) Joo OG) eel 

(45) Joc ole =— a, 

(46) o(e) = go(0, €) — 292(0, €) + %92(0, €) + [ae (o(a) g(a, €) — o(a) g(a, €)) , 


(47) O(E) =— 2 + 2 91(0, €) — xg, (0, 6) -| da o(a)gi(a, €). 
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The constant has to be determined such as to make the equations con- 
sistent. 
To get an estimate of À let us evaluate o(¢) in a first approximation, 


À ye TPA M? 
(48) a(¢) = g,(0, ¢) — 2 93(0, C= a (i ni | O(c— M?). 
Using this result we get from (44) 


Thus there is a pseudoscalar bound state for real values of the coupling 
constant À. 


APPENDIX 


The formula 


(A.1) A (a, a) A <a, b) = faeita, b, c) A (a, €) 

or equivalently 

(A.1') Jar A (k, a) ATX G —k, db) = |e f(a, b, c) A (q, 6), 
where 


(A.2) f(a, b, c) = (4n)-?c1[(c+a—b)—4ackk0(ve—-Vva—Vb), 


can easily be derived (!4). It can also be shown that the same combination 
Par È 4 RAR ip re Le Al Me 
formula holds with the same funetion f(a, b,c) for A;s replacing the AS. 
Next let us derive 


(A.3) A\p (a, a) A(x, b) = [acute b, c) A (a, 0) 
or 
(A.3’) fa ka AK, a) AD (g—%, b) =f aca Ag(a, b, e) AP (q, €). 
We notice 
(DS he 


(A.4) k =a, 


(@— k}? = 6 + a —2qk = b. 


(4) W. THIRRING: Principles of Quantum Electrodynamics (New Jork, 1958). 


3590 


THE TWO-BODY PROBLEM IN THE EXTREME RELATIVISTIC LIMIT 367 


Thus, multiplying (A.3') by q we find 


| [acs a, b, 6) Aq, c) = fa? AK, a) A (q —k, b) = 
Am | 5 i ag TI? j{a, b, e) 449,0), 
| c+ a—b 
He f(a, 0, 0). 
Similarly, 


(A.6) © Afii(a, a) A(x, b) ) Jac {hi(a, b, 0) Aiiu(@, €) — gaye fifa, b, c) Aa, e)}, 


(A.6') fou kk, A (k, a) AM (¢—k, b) = = [ec (Qaduh + Gay lhe) ?(g, c) . 


Multiplying this by either g# or gg" and using (A.4), (A.1) we get 


c+a—- b)?— ac 
h(a, b, eva > Di = f(a, by c)s 
(A.7) 
4ac — (€ — Db 
fs(a, b, c) = Le } = J(4,.b, c). 


Differentiating (A.1), (A.3), and (A.6) with respect to b we get all the for- 
mulae we need in the text. 


RIASSUNTO (*) 


In vista del modello composito per le particelle elementari si studia il problema 
dei due corpi nell’estremo limite relativistico. Si esaminano gli stati legati particella- 
antiparticella privi di spin per un semplice campo di Weyl autointeragente privo di 
masse. Si sopprimono gli impulsi elevati nel modo invariante di Lorentz introducendo 
un bosone ausiliario pesante. Si stabilisce una equazione di Bethe-Salpeter nell’appros- 
simazione a gradini. Si studiano le conseguenze della equazione di continuità nella 
stessa approssimazione e si dimostra che vengono automaticamente soddisfatte solo 
da stati legati scalari. Si presenta un nuovo metodo per risolvere l’equazione di Bethe- 
Salpeter. Si fa una ipotesi spettrale per la funzione d’onda che porta ad una equazione 
integrale unidimensionale per la funzione peso se si trascura la massa di riposo dello 
stato legato. Questa equazione integrale viene risolta nell’approssimazione di Fredholm 
nel caso scalare per una prescrizione di cut-off un po’ modificata. Con la stessa restri- 
zione, si trova l’autovalore anche nel caso pseudoscalare. Si dimostra che in metodo di 
risoluzione può essere estesa ad ogni ordine della massa di riposo dello stato legato. 


(*) Traduzione a cura della Redazione. 
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On a Quadrilinear K°-7? Coupling. 
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Istituto di Fisica dell’ Università - Bari 


(ricevuto il 22 Luglio 1960) 


Summary. — We investigate the effect of the direct K-7 coupling on the 
pion-nucleon and kaon-nucleon inelastic scattering. The incident boson 
is assumed to interact only with the peripheral pions of the nucleon cloud. 
The inelastic scattering cross section is expressed, by means of the Chew- 
Low procedure, in terms of the cross section for the K-r interaction, 
averaged over the energy. The reliability of the approximation and the 
branching ratios of the possible reactions are discussed for the various cases. 


Direct couplings between the K- and 7-mesons have been considered by 
several authors (17) in trying, on one hand, to account for the observed mul- 
tiplet structure of the baryons and, on the cther hand, to explain the features 
of some of the dynamical properties of the strange particles. 

We shall consider here only «strong» K-7 couplings i.e. possessing the 
internal symmetries of the other known strong interactions; assuming the same 
parity for the two components of the K-doublet we disregard the possibility 
of a trilinear coupling, discussed in great detail by PAIS (5). 


(1) J. SCHWINGER: Phys. Rev., 104, 1164 (1956). 

(2) P. Bupinr and L. Fonpa: Nuovo Cimento, 5, 666 (1957); P. BupInI, N. DALLA- 
Porta and L. FONDA: Nuovo Cimento, 6, 380 (1957). 

(3) S. BarsHay: Phys. Rev., 109, 2160 (1958). 

(4) C. CEoLIN, N. DALLAPORTA and L. TAFFARA: Nuovo Cimento, 9, 353 (1958). 
(5) A. Pars: Phys. Rev., 112, 624 (1959). 
(8) G. FEINBERG and F. GÜRSEY: Phys. Tev., 114, 1153 (1959). 
(7) S. Barsay: Phys. Rev., 110, 743 (1958). 
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Direct quadrilinear K?-7? couplings have been considered by different 
authors; two interaction Lagrangians which are G-invariant (8) can be easily 
written down 


(1) L= )(K+K+ + KoKt)(n-n), 
(15) L'= j!(Kr0,K — 0, KK) (x00, — 0 nôn) . 


The first was proposed by BARSHAY (*); the second is of the same structure of 
that proposed by FEINBERG and GURSEY (*): obviously it can give rise, unlike 
the first, to charge exchange processes. 

The Lagrangian (1) was considered by BARSHAY in connection with the 
scattering of K* by nucleons (7); according to a perturbation calculation the 
s-wave low energy data are fitted with a coupling constant 1?/4a 1-5. 

The effect of the same coupling was also considered in the pion production 
in K*-nucleon collisions. A perturbation calculation was performed by CEOLIN, 
DALLAPORTA and TAFFARA (*): the ratio of the pion production to the elastic 
scattering cross-section, with a coupling constant /?/4 & 2, seems to be well 
below the number suggested experimentally. 

The present situation about the K?-7? coupling seems to be still incon- 
clusive, and no experimental evidence has been reached so far. 

We shall consider here the possibility of detecting a K?-r? interaction, 
by analyzing some reactions for which such a coupling might be important. 


The processes we shall consider are the following: 


(Ke Ne Kee NT 
s (RN Ka Nee 
(11) t+tN-K+K+N 
(IIT) Koen VENT ET 
(IV) TtHN->-Y+K+ tr 


In fact, if we think of the nucleon as a baryon core surrounded by a meson 
cloud, it is reasonable to assume for the above processes, in the hypothesis of 
a direct K?-r? coupling, that a peripheral interaction between the incident 
mesons and a virtual meson of the cloud be important (*!!). Since the number 


(8) T. D. Lee and C. N. Yane: Nuovo Cimento, 2, 749 (1956); P. ROMAN: Theory 
of Elementary Particles (Amsterdam, 1960). 

(9) C. GoEBEL: Phys. Rev. Lett., 1, 337 (1958). 

(1) G. F. CHew and F. E. Low: Phys. Rcv., 113, 1640 (1959). 

(1) P. Roman and I. Y. PomERANCUK: Nucl. Phys., 10, 492 (1959). 
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of pions in the cloud has been estimated to be approximately one (77). the 
interaction of the incoming pion or K-meson will reasonably occur with a 
single pion of the target nucleon. The interaction between the incoming meson 
and a virtual K-meson should occur with a smaller probability owing to the 
fact the kaon cloud is confined to a smaller region. We assume that pos- 
sible successive interactions with pions can be disregarded, for those processes 
in which the peripheral interaction occurs in the kaon cloud. We disregard 
also, for all processes, the effects of final state interactions. 

On these hypothesis, the peripheral processes involved in the reactions (I) 
and (IV) are the following: 


(K+rx >K+x i 
(a) Dale I (in reactions (I) and (IV)), 
HET >K47 


(b) gem KK (in reactions (IT)) , 
(c) KEK +2 4+ 2 (in reactions (ITT)) . 
We assume now that the only important contribution to the reactions (1) 


to (IV) comes from such peripheral interactions. A general reaction can be 
represented by the diagram (!*) in Fig. 1. 


PE i We can then use the prescription given by 
te MARS ali CHEW and Low (!°) for the scattering of parti- 
i CSA SS 1 cles by unstable targets. Following this pre- 
Me fi scription, the cross-section for a reaction of the 
À + A 
ne n type given above satisfies, at the unphysical 
oO —— e — —_— | O 9 . 
= limit A? = — >, the relation (14) 
ig. 5 i 
22 2/W f 
(2) AR Tove: Usa i 
OA? dw? : 2x \M,} gi A? 4 ug) È : 


The quantity /" is essentially the spin average of the squared matrix ele- 


(12) S. FuBINI: Nuovo Cimento, 3, 1425 (1956). 

13 T. = a È 

(18) We denote by M, M, the masses of the target and recoil baryons, by 4, and w, 
the masses of the incident and intermediate meson and by wi, uw, the masses of the 
final state mesons. 

14 Ti SI n ] 

(14), M e use throughout this paper the same symbols of reference (8): w is the total 
energy of #1, #2 in the barycentral system; A? is the square difference of the momenta 
ni OO 0, 18 the cross section for one of the peripheral processes a, b, €; gr is 

ne la oratory momentum of y; 4, is the momentum of y, in a frame where the 
particle y, is at rest; W is the total energy in the overall barycentral system 
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ment of the (M,M,y,) vertex. For the (NNT) vertex, it is given by 
(3) Lay? =; 


where f? ~ 0.08; x=1 for a neutral and x = 2 for charged pion. The same 
relation holds for the (Y.VK) vertex in the hypothesis of odd (YK) relative 
parity; in this case, assuming fg,» fis. We can take f?~ 0.1, in agree- 
ment with the K*-nucleon scattering and photo-production results (1517), Now 
we have x=1 for a neutral and « = 2 for a charged hyperon. In the hypoth- 
esis of even (YK) relative parity, the expression (3), is replaced simply by 


(3’) I? = aD » 


where the coupling constants gi should have a value ranging from 0.06 (16) 
LORO:9 (=D), 

The approximation used consists in an extrapolation of the result (2) to 
the physical region: this is equivalent to disregard, in the evaluation of the 
matrix elements for the reactions (I) to (IV), the contributions of processes 
with more than one intermediate particle (18). Perhaps, one can think that, 
even if this approximation turns out to be valid in those cases in which the 
intermediate particle is a pion (reactions (I) and (II)), it may be unreliable 
when the intermediate particle is a K-meson (reactions (II) and (IV)). In 
fact, in the latter case the pole A? —— pi is much further from the physical 
region. If we exclude a K?-r? vertex (1°), the other singularities, besides 
the pole, are located beyond the points — 9} for the reactions (I) and (ID), 
and — (ux+24,)? for (III) and (IV). Perhaps, in the latter case, they are 
not far enough from the pole and their contribution to the matrix element 
might be important. 

Chew and Low’s conjecture has been applied to different processes, such 
as pion production by pions and protons (!918:29:21), and associated production 
in proton-proton collisions (22). Its validity seems to be assured by the anal- 


(15) C. CEoziN and L. TAFFARA: Nuovo Cimento, 5, 435 (1957). 

(16) B. M. McDAnIEL, A. SILVERMAN, R. R. Wirson and G. CORTELLESSA: Phys. 
Rev., 115, 1039 (1959). 

(7) J. J. SAKURAI: Phys. Rev., 113, 1679 (1959). 

(18) F. BonsienorI and F. SELLERI: Nuovo Cimento, 15, 465 (1960). 

(19) H.g. a K2-r8 interaction occurring via intermediate baryon-antibaryon fields 
is excluded by space invariance arguments. 

(2°) E. FERRARI: Nuovo Cimento, 13, 1285 (1959). 

(21) I. DErApo: Nuovo Cimento, 15, 853 (1960); F. SELLERI: Evidence for two 
T-r resonances, CERN preprint (1960). 

(22) E. FERRARI: Nuovo Cimento, 15, 652 (1960). 
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ysis of processes for which there is experimental information about the cross- 
sections for both the overall and the peripheral reactions (185°). 

From the relation (2) one sees that the total cross-section o(W) could be 
obtained by integration on the variables w° and A? (for a fixed valued of W) 
over the allowed region ('°), if the dependence on w of the cross-section © A’) 
were known. As a first approximation we can, however, proceed as in the 
following: we replace © AW) by a certain averaged value (which depends on 
W) GW) over the region of integration of the variables w? and A?, and 
perform the integration of the remaining functions in (2). We obtain in this 
way 


(4) o(W) = aie (7) Hr RW) SW) , 


where the function R(W) represents the results of such integrations. We report 
its behaviour in Fig. 2, 3, for some reactions for which the used prescription 
can be valid not too far from the threshold. For the reactions (IV) the two 
possible cases of even and odd (KY) parities are considered. 


2e 150 
RW] | 
+ a 
| Reaction 
50 x } 100 
+p_H#TT+p Reaction 
TT+p —eK+eKe p 
i 50 
| 
DE 
T T T T 7 mi T nai Tai 7 a 
1600 1700 1800 1900 2000 2100 2200 W (MeV) 


Fig. 2. — Function R(W) for reactions of types I and II. 


Let us now examine in more detail the reactions (I)-(IV). In the following 
tables we specify the different charge states of the overall reactions. For each 
we indicate the possible peripheral interaction and the corresponding cross- 
section in terms of the isotopic spin amplitudes. In a few cases (see Tables III 
and IV) the reaction cannot occur via the mechanism represented in Wigs Is 


ery 
wo 
Le 
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by charge or strangeness conservation. 


N 


In other cases (Tables IT and III) 


the G-invariance (2) applied to the four-meson vertex determines some re- 


strictions in the possible peripheral interactions. 


peripheral reaction m--7 — 
—K+K: it can occur in 
the isospin eigenstates t = 0, 
t=1, but the relative an- 
gular momentum / of the 
KK pair must be even in 
the isotopic singlet state 
and odd in the isotopic 
triplet states. 
Correspondingly, 
assume that the K-z inter- 
action is described by one 
of the two Lagrangians (1), 
(1'), it is clear that only the 
T=0,t=0 transitions can 
be originated by (1’). To 
single out the contributions 
of the two Lagrangians (1), 


if we 


Let us first consider the 


20 
RW) | 
154 
Reaction 
| Tep-K Aer 
(pseud ) 
10, 


_-” Reaction 
IT+p-æHK+2+7T 
- (scalar) 


Ol eee se SIE. 
1700 1800 1900 


2000 W(Mev) 2100 


Fig. 3. — Function R(W) for reactions of type IV. 
(The mean value M, 1190 MeV has been used 


(1') to the different reactions for the mass of the 2). 


listed in Tables II and III, 

one has simply to retain only one of the two amplitudes b,, b, relative to t= 0 
t=1. In order to obtain a similar separation for the processes listed in the 
Tables I and IV (in which the peripheral reactions are of the type K+ 7 — K-+-z) 
we can try to connect the amplitudes a,, a, relative to the two t= 4, 3 eigen- 
states of the Kr system with the amplitudes b,, b,. The relation is the same 
as the one connecting the isospin amplitudes of the processes T+N —7-+N 


and r4r>N+N; that is (24) 


1 
toa bi, 
dl il 
rca oc 


The peripheral cross-sections can then be expressed also in Tables I and IV 


in terms of b,, b,. Of course, these amplitudes are to be thought as quite 


(23) We remark that the isospin eigenstates of the KK pair are also eigenstates 
of G: the G-eigenvalue is (—1)! for the singlet state, and (—1) for the triplet states: 
1 is the relative angular momentum of the two mesons. 

(24) W. R. Frazer and J. R. FuLco: Phys. Rev., 118, 1603 (1960). 
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different in the two physical processes K-+x +K-+x and r+n—>K-+ K; in 
fact, they are different limits of the same analytic function. 

From the isospin analysis of the peripheral reactions, we can obtain by 
means of (4) the branching ratios among the various overall processes of each 
table in the hypothesis that the K?-7? coupling is described either by the 
Lagrangian (1) or (1'); or by assuming, from a phenomenological viewpoint, 
that the reaction K-+-x + Kr (Tables I and IV) occurs predominantly in 
one of the two isospin states t=}, t—35. We report the values of the 
branching ratios only for the processes listed in the Tables I and II. For the 
other processes (Tables IIT and IV) the branching ratios are functions of the 
momentum q,, of the incident particle: one could evaluate them, for a fixed 
value of g,,, by taking into account the kinematical factors occurring in (4) 
which now are different also for processes of the same kind. 


TABLE INI 


se | | I : ; 
o Il | Kinetic energy M.M VI Isospin analysis 
VS | threshold | CLI) | SUD ote of the peripheral 
process | (MeV) | vertex | réaction ||| cross gection (A) 
Kp > A®°ntn- (exothermic) | pA°K KK nto + | P + jb (È 
> A779 (exothermic) DAC Ks K K >7°r? | 7 DC 
2 een cia ; 
>Dntr- | 53.3 (OP Cs AEE Ss | 1 [Bo |? + $10 |? 
> L07070 | 38.9 IMI IR 1 [bo | 
> rm 49.2 EIN | K K® > 7x |b, |? 
> rt | 61.7 Sc = = 
| 
| | 
K n> A°%r-7? (exothermic) IVATO = |) ACT Sas | | |b, |? 
Donn | 44.3 n>°K® | K K°—rr | |b, |? 
— 7%? 52.8 na Kk | KTK >n070 + [Bo |? 
> Donte 67.2 | n2 Kt | KK'ntr | 4/6) /?+$/8. 2? 
4 | 
LR Tr 54.6 | = — — 
a) See Table II. 


We try now to get the order of magnitude of a «mean » cross-section for 
the peripheral reactions. This could be obtained by means of (4) from the 
knowledge of the experimental cross-section o(W) for the overall reactions. 
The scanty experimental information is restricted to some processes of type (I), 
(III) and (IV). For the processes listed in Table III the Chew and Low’s 
conjecture can give however only some information at high energy well above 
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the threshold. This is due to the fact that the physical region for the pe- 
ripheral process is defined by w< 2wxg (°°). 


TABLE IV (0). 


| Kinetic | Isospin Peripherale cross | 
Overall energy |(M, Mu) Peripheral analysis of the | section in terms | 
process ‘threshold, vertex reaction. peripheral of the by, di | 
(MeV) | eross section (*) | amplitudes (°) | 
| rtp>K*Z*0 | 1.140 | putKe | rtK°—rmKt | 2|a,—a,|? 318, |? | 
ONtr+ + 0 0 1 2 i Li 
| — KI rt 1.150 | pi K° rtK° >r+K | 9 |@3 + 2a; | Jen 34 
. ho LL 
—> Kt d+ 1.146 pueK~ eRe Rel | as |? —(,--—6,| | 
| | V 6 2 
1 I | 1 12412 
— K'Atr+t | 1.009 pA°Kt | rtK°=7rtK° | las |? wo, bo — 3 b, 

V 2 | 
| | 
| - Kos +- ytKo -K0 -K0 2 1 Loaded 
| mp>K°U x 1.150 p2'K° | Ge KY le Gs | ht: | 
| | < | 
| Kiser | 1.146 | pxok+ | Kter-K* | 1 2 ! op 

> K' Xr È p T SAT 7/4 + 2a, | —=b==01 
| V6 2 
| > K02070 151137 DDC | IR RO i G3 — a, |? 4(b, |? | 
| 3 € | 
| > K°A%? 1.000 pA°K* Tr K'—7r°K° i ag — ay |? $ |b, |? | 
| >K-A°%r | 1.009 ASK ako alee 2 : Ld 
| ACTE . pL T 7 K | 3148 + 2a, | To 14] | 
} | 
—K Xn° | 1.156 — = = = | 
—>K°S rt | 1.165 — = | = | 
a) The corresponding processes on neutrons can be obtained simply by the interchanges: | 
PORRO D opie TT 
b) See Table I. 


There are some indications that the total cross-section for reactions of 
kind (I) (specifically K++n >K+N+7x-) (2), for a momentum of the inci- 
dent K-meson equal to ¢,,~ 600 MeV/c (corresponding to W & 1610 MeV 


(2) The minimum of W compatible with the lower limit of w is Wo =2uxctby: 
while the value at threshold is Wy=2u.+py. 
(2) M. GRILLI, L. GUERRIERO, M. MERLIN, Z. O’FRIEL and G. A. SALANDIN: Nuovo 


Cimento, 14, 704 (1959); B. SEcHI-ZorN and G. T. Zorn: UNL preprint, to be pub- 
lished on the Phys. Rev. (1960). 


3600 


ON A QUADRILINEAR K2-72 COUPLING 377 


and to 635 < w< 670 MeV) should be of the order of 1/7 millibarn. From 
this value we obtain by means: of (4) G,_£,® 30 millibarn. 

Reactions of kind IV (in particular: 7-+p > A°+K+4-7-) have been ob- 
served by BLAU et al. (27); the experimental cross-section at di, > 1290 MeV/e 
is estimated to be of the order of 0.5 millibarn. If we make use of the pre- 
vious result obtained for G,__,x-: we get from (6) in the present case (Wa 1830 
MeV; 630 < w < 730 MeV): o & 3:10-! millibarn in the pseudoscalar case and 
o +10 or 10-3 millibarn in the scalar case. 

Reactions of kind (ITT) have been reported by ALVAREZ (28): at q,,~1.8 GeV/e 
the total cross-section for the process K~-4 p > A®°+nx++7xt is of the order of 
a few millibarn. W is just above the lower limit W, for the applicability of 
(2) so that the use of (6) is now unreliable; a very rough estimate would give an 
extremely high value for the total cross-section of the peripheral process (¢) 
at w & 1 GeV. 

The results can be qualitatively expressed as follows: while the value of 
¢,, Obtained from the reactions of kind (I) might be reasonable, an extremely 
high value—which seems to be very unlikely—is required for G,, in order to 
reproduce by the described procedure the order of magnitude of the exper- 
imental cross-sections of processes (ITI) and (IV). 

Notwithstanding the poor approximation used (e.g. the range of variability 
for w is different, and the cross-section On 18 averaged in a different way in 
the various processes) and the scanty experimental information, it seems rea- 
sonable to say that it is not possible to explain consistently the reactions (1) 
(III) and (IV) by means of a direct K?-x? interaction and the Chew and 
Low’s conjectures. On one hand, the extrapolation of the relation (2) to the 
physical region might be no longer justifiable for the processes in which the 
intermediate particle is a K-meson (reactions (III) and (IV)), as previously 
pointed out. On the other band, for some processes a « direct » interaction be- 
tween the incident meson and the «core» of the baryon target might be im- 
portant. In particular, the processes of kind (1) might be interpreted, in anal- 
ogy with the pion production by pions (7%), in terms of the excitation and 
decay of the (3, $) nucleon isobar (°°). An analysis of this type on a new set 
of experimental data on the reaction K++n >K+N+7x* is now in prog- 
ress (#1). In this connection, it will be very useful to compare the experimental 


branching ratios for the difterent reactions with those predicted by the (3, 2) 


(7) M. BLau, C. F. CARTER and A. PERLMUTTER: Nuovo Cimento, 14, 704 (1959). 

(28) L. W. ALVAREZ: Proc. of the Annual Conference on High Energy Physics 
(Kiev, 1959). 

(29) V. Arres-BoRELLI, S. BERGIA, E. PEREZ FERREIRA and P. WaALOSCHEK: Nuovo 
Cimento, 14, 211 (1959). 

(39) S. J. LINDENBAUM and R. B. STERNHEIMER: Phys. Rev., 105, 1874 (1957). 

(1) W. F. Fry: private communication. 
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nucleon isobar model and by the present scheme. Evidence of the effect of 
the peripheral interactions should be searched in those processes in which the 
nucleon isobar effects are estimated to be relatively small. 

At present, we conclude by saying that, by means of a direct K?-7? coup- 
line of comparable strength with that presumed for the! coupling (910,18,20,2?) 
it might be possible to reproduce—unlike the perturbation results—the exper- 
imental situation for the processes (I). Such a possibility seems, instead, to 
be ruled out for the reactions (IIT) and (IV). No experimental data are avail- 
able, at present, for the reactions (II). However, if we remember that for 
such processes (as in the case of processes (I)) the intermediate particle is a 
pion, and that the application of the Chew and Low’s conjecture has already 
given satisfactory results (18.20) in similar cases, we should expect that also 
reactions (II) occur in an extent in consistence with the proposed scheme. 

Then, for such processes, we can try to go a little further. We can extract 
from the expression for the cross-section relative to the peripheral process (a) 
all those factors which must occur for kinematical reasons (*?). Thus we can 
write 


2 dl 
(5) Okn->gn (W) = ne MW), 


where .#, is a dimensionless squared matrix element, dependent in general 
on 20, it reduces simply to 2/4 in a first order perturbation calculation based 
on the Lagrangian (1). 

Similarly, for process (b) we obtain 


1 fw? = 402% 
(6) Ome (0) = Zs | TI a) TATE 


We can now introduce a «mean» value .#(W) for -@(w) in the same way as 
done for 0,,; We can then replace (4) by 


BW eo - S(W).a(W) . 


2 
LU TT VE 


Co | 
— 


We report in Fig. 4 the quantity o/x# as a function of W for the processes (I) 
and (II). A comparison with experimental data—in the hypothesis of a dom- 
inant direct K®-7? coupling—should give some information about the be- 
haviour of .4. In this connection a comparison between the cross-sections 07 


A fa V. F. Wersskopr: Introduction to field theory, in Lectures given at CERN (1958); 
. D'ESPAGNAT, J. M. JAUCH and Y. YAMAGUCHI: Lectures gi JE 
. YAMAGUCHI: stures given at CERN on Stran 
Particles Physics (1958-59). ; ee 
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and 6, should be important; e.g. for kinetic energies ranging from zero to 
about 400 MeV above the threshold, with the assumption .#, SM), we ob- 
tain 6,,/0, & 0.2. 


Reaction: 
K+p> K+p +17 


Reaction 
+p + K+K+ 


==" = T T ua Tg age T lms Mey 
O 100 200 300 400 500 600 700 800 (7-7) 


Fig. 4. — Ratios 0/x./ for reactions of types I and II, as functions of the kinetic 
energy above threshold (7 — 7,,). 


If we refer to the above mentioned experimental indication relative to 
process (I), we see that a (first order) perturbation calculation of A(W) is 
meaningless: in fact, according to (5), a coupling constant 42/42 >1 would 
be required in order to obtain a peripheral cross-section of the order of 30 mb. 
This appears also from the work by OKUBO (88), who obtained an effective 
range formula for the K-x scattering. The matrix element Al (W) should 
be affected rather strongly by the r'-coupling, and the presence of possible 
resonances (1**1) might be important for some processes. Investigations based 
on the double dispersion representation have already been carried out for the 
block KKxr (*!) and its implications in the K-nucleon interactions have been 
examined (5). In this connection, when experimental data will be available, 
the analysis of some of the reactions listed in the Tables I and II might provide 
very useful information. 


(33) S. Oxuso: Phys. Rev., 118, 357 (1960). 

(24) B. W. Lee: Theory of the kaon-pion interaction, preprint (1960); M. GOURDIN, 
Y. Norror and Pu. Satin: Diffusion meson x-meson K, preprint (1959). 

(5) F. FERRARI, G. Frye and M. PustERLA: Effect of the pion-pion resonance on 
K-p scattering, UCRL-9196 (1960); F. FERRARI, M. NAUENBERG and M. PUSTERLA: 
Low energy dependence of 7-Y and K-nucleon S-wave amplitude, UCRL-8985 (1959); 
M. GOURDIN and M. RIMPAULT: Production associée de particules etranges, preprint (1959). 
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* Ok * 


We are indebted to Prof. N. DALLAPORTA for stimulating discussions and 


for a critical reading of the manuscript. 


RIASSUNTO 


Si studia l’effetto delle interazioni dirette fra pioni e mesoni K nei processi 
di diffusione anelastica x--N e K-N. Si suppone che il bosone incidente ‘interagisca 
solo coi pioni periferici della nuvola del nucleone. La sezione d’urto totale si esprime 
in funzione della sezione d’urto per l'interazione diretta pione-mesone K, mediata 
sull’energia, secondo il procedimento di Chew e Low. Si discute l’attendibilità della 
approssimazione e si danno, pei vari casi trattati, i rapporti fra le probabilità delle 


diverse reazioni. 
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K -Meson Capture by Helium (*). 


TED 
Physics Department, University of Maryland - College Park, Md. 


(ricevuto il 22 Luglio 1960) 


Summary. — Some atomie and molecular processes which occur when 
K~-mesons stop and are captured in liquid helium are investigated. It 
is shown that while the K~-meson is in its initially highly-excited atomic 
states, S-state capture is predominant. 


1. — Introduction. 


Some understanding of the atomic and molecular processes which occur 
when K -mesons stop in liquid bubble chambers is preliminary to any discus- 
sion of the direct nuclear capture which finally results. Not only do these 
atomic and molecular processes have intrinsic interest, but, in particular, 
a knowledge of the atomic orbital from which the meson is captured has a 
direct bearing on the interpretation of the nuclear capture processes. 

Fairly recently, DAy, Snow and SUCHER considered the case of K~-megsons 
being captured in liquid hydrogen (!:2). They showed that for the excited 
states of the (K7, p) atom through which the K°-meson must pass, the electric 
field of a neighboring proton will mix degenerate levels of the atom in such 
a way that the very strong S-state nuclear capture will completely dominate (*). 


(*) This research was supported in part by the United States Air Force through 
the Air Force Office of Scientific Research of the Air Research and Development 
Command. 

(1) T. B. Day, G. A. Snow and J. SucHER: Phys. Rev. Lett., 3, 61 (1959). 

(2) T. B. Day, G. A. Snow and J. SucHER: Phys. Rev., 118, 864 (1960). In par- 
ticular, footenote (11). 

(8) The arguments in references (1) and (?) wer» semi-classical. A quantum me- 
chanical calculation of the effect for a very closely related model has been performed 
by F. Gürsey and C. N. YANG with results which agree with references (1) and (2). 

, F. GÜRSEY: private communication. 
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Experimental difficulties have, as yet, prevented the direct verification of 
this effect (by observing the lack of K,-mesic X-rays, for example). Still, 
the theoretical arguments are sufficiently convincing that one can, with fair 
confidence, assume that the interaction of K--mesons with the protons of 
liquid hydrogen occurs only in S-states. This has many important conse- 
quences (*), and in particular, has been used recently in a measurement of 
the spin of the &* hyperon (4). 

In the case of liquid helium bubble chambers, the problem is completely 
different. For, the simplicity of the considerations for hydrogen relied on the 
fact that the (K-, p) atom was a «small, neutral object » which could wander 
within another hydrogen atom’s electronic orbit and thus feel the intense 
electric field of the proton. The object which results when a K--meson is 
stopped by a helium atom very quickly becomes a small, charged ion. Thus 
it will not experience the simple Stark effect considered for hydrogen. 

This, then, leads to a consideration of the various atomic and molecular 
processes which the resulting ion undergoes in liquid helium, and which are 
dealt with in turn in the succeeding sections. Finally, we conclude by pointing 
out that, at least in the initial stages of the de-excitation of the K -meson 
the most likely process leads again to S-state capture, and we discuss the 
usefulness of this fact in establishing the relative K~-A® parity. 


9. — Initial atomic capture and Auger. 


When the K~-meson is first captured by a helium atom, it tends to occupy 
an excited state whose wave function best overlaps that of the electron which 
is replaced (5). Since the reduced mass y, of the K~-meson in a helium atom 
is 856 m,, the principal quantum number, n, of the initially occupied state is 


(1) ni = V856 ~ 30. 


In such a neutral atom, where the meson very closely overlaps the second 
electron, the Auger process is highly likely, and occurs in times of the order 
10-*5 s (6). The principal quantum number of the state about the unshielded 
a-particle to which the K~-meson must fall in order to release the 24.56 eV 


(4) J. LEITNER, P. NORDIN jr., A. H. RosENFELD, F. T. Sozmirz and R. D. TRIPP: 
Phys. Rev. Lett., 3, 238 (1959). 


(2) G. A, BAKER qui: Phys. Rev, 117, 1130 (1960): 


(5) E. H. S. Burnop: The Auger Effect and Other Radiationless Transitions (Cam- 
bridge, 1952), chap. VII. 
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electron ionization energy (7) is 


(2) mr 25. 


In such a state, for circular orbits, the average value of the radius is 


2 
n 2 Mm. 


(3 iy == 
) ET 


dl, —0.34,, 


(where 4, is the electronic Bohr radius) which should be compared with the 
average radius of an electron in a helium atom (using the best hydrogen wave 
functions, with Z,, = 1.69 (*)) 

ni Me 


4 D = GZ — à = 0.6 a. 
(4) NOL, Lena 0 0 


For such a (K7, «)+ ion, which looks roughly like a heavy proton to the 
surrounding liquid, it is energetically impossible to pick up another electron 
from a neighboring helium atom (*!°). Thus, we must consider processes in 


which this (K°, «)* ion participates as a relatively small, charged object. 


3. — Radiation and nuclear capture. 


For an isolated, highly excited, (K7, «)* ion, two processes are possible: 
de-excitation with emission of radiation, and nuclear capture. The first of 
these, radiation, is easily estimated from the tables in Bethe and Salpeter (11), 
using the value of the meson reduced mass ux= 856 m,, and the charge 
Z=2. We get, for the fastest radiative transitions, the nP > 18, for n >6 


(5) Tan?) = 


For an atom in a pure S-state, the nuclear capture rate is estimated directly 
from a knowledge of the rate in hydrogen (12), by making the assumption of 


(7?) K. R. ATKINS: Liquid Helium (Cambridge, 1959). 
(8) L. I. ScHIFF: Quantum Mechanics, 2nd ed. (New York, 1955), p. 176. 
(9) S. K. ALLISON: Rev. Mod. Phys., 30, 1137 (1958). 

(0) H. S. W. Massey and E. H. 8. BurHop: Electronic and Ionic Impact Phenomena 
(Oxford, 1952). 

(1) H. A. BETHE and E. E. SALPETER: Quantum Mechanics of One- and Two-Electron 
Atoms (Berlin, 1957), Table 15. 

(22) R. H. Darirz and §. F. Tuan: Ann. Phys., 6, no. 3 (1959); and B. R. DESAI: 
unpublished Lawrence Radiation Laboratory report UCRL-9014, University of Cali- 


fornia, footnote (12). 
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roughly equal interaction of the K~-meson with protons and neutrons. We 
then get 


(6) Tan(MS) PISANA 


Since the rate of direct capture due to S-wave interaction is crudely proportional 
to the integral of the square of the wave function of the meson within the 
nuclear volume, a direct calculation, using hydrogenic wave functions, gives 


7 PnP) _ 1 (ERs ko (1 1) 
rap(MS) 15\ & Me i 


= 


or, using equation (6) and a reasonable radius R, for the a-particle, 


A0 
(8) pm PIE ad 


1 


ne 

This, then, is the rate of direct capture of a K--meson from an (nP) state 
about an «-particle, due to S-wave interaction with the nucleons (i.e. due 
to the finite size of the nucleus). Similar calculations would give the rates 
for S-wave interaction capture from D and higher levels. 


4. — Polarization capture and external Auger. 


We next consider processes which necessitate the presence of another helium 
atom. For the moment, we consider the (K°, 2)* ion at a fixed distance, R, 
from the nearby helium atom. Two of these processes are closely related to 
each other, and to the usual calculation of Van der Waal’s forces between 
atoms (1%). (See reference (5), p. 177 .) We will call them, for convenience 
the polarization capture, and the external Auger processes, respectively. 
Actually, of course, they, as well as the Van der Waal’s force, are all just a 
manifestation of the Coulomb interaction between the various charged particles. 


41. Polarization capture. — This process is one in which a meson in the 
nP state is captured from the nS state by first polarizing a nearby helium 
atom (14). Thus, for a (K7, «)* ion in an nP state interacting with a nearby 
helium atom at a fixed distance R, there is a certain probability of finding 


(18) T. B. Day: Bull. Am. Phys. Soc., 5, 225 (1960) and University of Maryland 
Physics Department Technical Report no. 175. 

(14) This process was considered in another connection by M. A. RUDERMAN: Phys. 
Rev., 118, 1632 (1960). 
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the ion in an nS state. This probability is given simply by 


<N | H’|0>|? 
(Hy — o)? 


(9) f = fraction in nS = È | 


Here, «N| is a state with the electrons in the nearby helium atom excited, 
and the meson inits nS state; |0) is a state with the helium atom in its ground 
state, and the meson in the nP state. H’ is the interaction between the meson 
and the electrons and, for large ion-atom separation, may be expanded as 


(10) H'= — [(re, + re) ru—8(r. +r.) Rr, RI. 


The subscripts on the coordinates refer to electron one and two, and K~-megon, 
respectively. The first term in the bracket gives rise to virtual transitions 
wherein the angular momentum quantum number 1 changes by +1, and 
the magnetic quantum number m, does not change. The second term gives 
rise to virtual transitions with Al= +1, Am, — +1. In order to compute 
the nuclear capture from the nP state via the nS state by this mechanism, one 
simply multiplies the fraction eq. (9) by the nS capture rate, eq. (6). (The 
goodness of this approximation is discussed by Ruderman (11)). 

To get an estimate for the fraction of eq. (9) we first note that the 
perturbation is additive in the electron coordinates, so there are no states CN | 
where both electrons are excited. Thus, we need perform the sum only for 
one electron, and multiply by two. Next, in performing the sum over m,, 
we get simply a sum of terms with matrix elements like |<N]Z,Z,0)|?. 
Taking account of the numerical factors, we get 


| <N.|Z.| 9. 
2 oo 


€ > 
EE = pr y er _ a 122 |<n8 |Z, \nP>\? 


N 


since the matrix element factors. Using reference (!!), p. 258 ff, and getting 
an upper and lower limit for f by putting in the minimum and average value 
of (Z, — E,) respectively, we find (assuming the electron to be in a hydrogen- 
like atom of charge Z,,) 


27 mi cia 48 mè 
(ais 2 Rai 


(12) 


Combining this with eq. (6), we find a capture rate from the nP state via the 
S-state by this polarization mechanism of 


91042 il 
(13) 1, 1(nS) < = ( — ;) Sal: 


25 - Il Nuovo Cimento. 
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42. External Auger. — The external Auger process, in which the meson 
de-excites to a lower state, ejecting an electron of a nearby helium atom into 
the continuum, is closely related to both the Van der Waal’s calculation and 
the above polarization capture. Again considering the case of fixed ion-atom 
distance R, the transition rate for the meson to go from state n, 1 to state n', l 
while the electron goes from the 18 state to the continuum is just 


27 
(14) Tum bon, V) = n o,|<n’, l'; cont. \H'|n,t; ISDE 


Here, o, is the density of final states for the electron and H' is given by eq. (10). 
The calculation proceeds exactly as for the polarization capture immediately 
above. Using plane waves for the electron continuum wave-function in the 


electron-coordinate part of the matrix element, we get 


LAPLOEE IKE I 
15 Aug\ 0 l n! I) 1 = _ Sd cari 2 gal 
(15) Pact, b> 1, ) (R/a,)® (1+ K?)° (5 E i) (Ru ) Se 


n VERA oa È a . ea . . . . 
where k,, is the radial dipole matrix element in ordinary atomic units 
(see reference (!!), eq. (60.8)); 


n s k 
(16) RIA (Evola 


eff 


where k is the wave number of the electron in the continuum, and £,, (volts) 
its energy expressed in electron volts. In eq. (15) (and in what follows) we 
consider only transitions with Al =—1 as being the most likely (see refer- 
ence (11), Table XIII), and the appropriate sum and average over, respectively, 
final and initial magnetic quantum numbers have been performed. 

The external Auger rates, eq. (15), fall off very rapidly with large changes 
in principal quantum number n. To get a crude estimate of the rates for 
eq. (15), we take a statistical average of the rates for the initial level, and, 
when possible, use the tabulated values of Ri} ! given in reference (™), 
Table XIII. (This table was extended to n = 7 using the table of Maxwell CI) 
Defining the statistical average over the initial level by 


= Puen, +, 1-1) = Pavel) , 


(5) L. R. MAxWELL: Phys. Rev., 38, 1664 (1931). 


3610 


K--MESON CAPTURE BY HELIUM 387 


we get 
RAS lag Si 
(18) Pang <8>) = ae seg 
Tees) Rae 2. 


For higher values of n, where the dipole matrix elements are not tabulated 
and where very many of them are involved, we use the approximation (for 
transitions where An —— 1) 


(19) 5 È a 1 


7 n° 


l n—1.0—1\9 ni 
+1 ie 


nol 


This is the dependence on n which one expects from the fact that for large 2, 
Ri," goes as n2. It is also roughly in agreement with the n-dependence 
of the average lifetimes of highly excited states (reference (11), p. 269). The 
value of the coefficient of n* was found by plotting the left-hand side of 
eq. (19) for the tabulated values of n. For still higher values of n, where 
changes in # must be greater than 1 in order to release enough energy, we 
reduce the estimate, eq. (19), by a factor of five to ten depending on the 
size of the jump in An. (Compare with Table XIII, reference (11), for An > 1.) 
Some typical results are 


5-101 
Aug <10>) ~ Di 
Le al di >) (R/ay)® S b 
De Ie 
Z 2 So gl 
(20) Pru 20) = pa > 
: ea ee 
1 5)) (R/a,) 


5. — Molecular-field Stark effect. 


There is a further possibility for a process which involves the (K7, «)* 
ion and a neighboring helium atom. It is possible that a meta-stable molecule 
might be formed. The (K~, «)*+ ion acts roughly like a heavy proton. The 
(p, He)* molecule is well-known ('*1’), although the three-body recombination 


(16) A. A. Evert: Journ. Chem. Phys., 24, 150 (1956). 

(1?) E. A. Mason and J. T. VANDERSLICE: Journ. Chem. Phys., 27, 917 (1957). 
We would like to express our appreciation to Prof. E. A. Mason of the University 
of Maryland Institute of Molecular Physics for several informative discussions about 


these molecules. 
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problem involved in its formation has not been studied extensively in 
liquids (°°). However, while these recombination times are expected to be 
very short, it is not essential for our purposes, here, that the molecule actually 
form. Rather, we make only the simpler assumption that the (K-, «)*+ ion 
feels the molecular potential while in collision with a nearby helium atom. 

This potential between a helium atom and a proton is given in refer- 
ence (17), Fig. 1, and represents an equilibrium separation of 1.444, and a 
potential depth at minimum of 0-14 Ry. The curve is well represented near 
the minimum by eq. (6) of reference (1°) 


1.44 a,\4 1.44a,\? 
9 == È 2, 2 == 9 ro iV 
(21) @(R) = 0.14 ( . | | = ES 


By using the Hellman-Feynman theorem (19) we can differentiate this curve 
to get the electric field at the (K7, «)*+ ion due to the helium atom (2°), and 
we have recovered our Stark effect. 

The same calculation as in reference (1) may again be used, except that 
the electric field is now the molecular one given by the derivative of eq. (21). 
It should also be noted that, for the case of a (K7, «)+ ion in an nP state, 
the Stark effect capture via S-state absorption is given by case (b )in footnote 9 
of reference (1). This is due to the fact that the S-state capture is so much 
larger in our case, and also that the electric field is so much less. Thus, the 
Stark oscillation rate, ©,, is again given by 


i Up 
(22) Dan PIN ZINMISEE 
ar 
where @(R) is given in eq. (21), and the dipole matrix element is the same 
as that used in the calculation in Sect. 4, above, and is 


(9.13) a! /3 A 
(23) (nP|Z,|nS) = Da nvn?—1, 
in mesic-helium atomic units, 2e. 


(nP|Z,|nS) = B-10-4n? V1— Ina. 


Since, for almost all values of n considered here, the Stark oscillation rate 
is much less than the nS-state capture rate I’,,,(n8) of eq. (6), the Stark effect 
capture rate 74, (n.8 capture) for a (K7, «)* ion in a pure nP state via S-state 


(18) See reference (1°), chap. x. 

(9) H. Herrman: Einfihrung in die Quantenchemie (Leipzig, 1937), p. 285; 
R. P. Feynman: Phys. Rev., 56, 340 (1939). 

(2°) L. PAULING: The Nature of the Chemical Bond, 3rd ed. (Ithaca, 1960). 
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capture is (1) 


1 | 2 
(nS capture) = 7 Prap(n8) | ee 


25) _ 405 
( ESTONIA 


V stark 


Thus, for the molecular-field Stark effect capture via S-states, we get 


O 
Ro si | ò 


On the other hand, ignoring for a moment, the possibility of capture from 
the S-state, exactly the same process can lead to a mixing of levels with the 
P-state, from which there could also be direct nuclear capture. This direct 
capture rate from the nP state, eq. (8), is also large, but is still less than the 
Stark oscillation rate, eq. (22). Thus, case (a) of footnote 9 in reference (1) 
will apply, and the Stark effect capture from the D-states via P-state capture 
will be 


(27) 


(26) (nS capture) — 3-105n7 


V stark 


Ze OF 


5 
(nPrcapture) =_= 


Vv Stark n 3 


Note, in particular, the different dependence on n, to which we will return 
in the concluding Section. 

Finally, a factor of 1/n should be incorporated in these rates, since there 
are n degenerate levels with the magnetic quantum number m,= 0 (for the 
S-state capture case) which are mixed and decay together in the static 
external electric field, when all states are populated statistically (2). Thus, 
the capture rate via the nS-state for the m, —0 levels due to the Stark effect is 


2 
Q—1 


1.44 a, \° F5 one 
R Te : 


A similar factor 1/n should multiply eq. (27) for the P-state Stark effect capture, 
(as well as eq. (13) for the polarization capture rate) (2). 


(28) Fstanx(nS capture, m, = 0) ~ 3-10%n6 


(21) Considerations similar to those of reference (1) may be applied to liquid deu- 
terium. Here, however, direct P-state capture via S-wave interaction can occur as 
well. Using the notation of reference (?), the rates for liquid deuterium are 


(a) Praa(6P > 18) = 1.6-1010 8-1, 
3102 
(b) TéntS-Stark) ~ = (1 — exp [— 7.5-10°/n4)) , 
n 
LOT 
(e) Tton(P-Stark)— ——— (1— exp [— 10/n4]). 
n 


Thus, for n — 10, 
Daa(10P) ~ 107 (P-Stark) , 39(S-Stark) ~ 100F,,,(10P) , 


and there will be no appreciable direct capture from P-states due to Stark mixing 
in deuterium. 
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6. — In flight averages. 


In this Section, we drop the assumption that the (K7, «)* ion-helium atom 
distance is fixed. We consider the ion as moving slowly and uniformly by 
the atom at an impact parameter b. Then, at any distance R from the atom, 
the time-rate of change of the number N of ions in a given state due to some 
transition rate is given by 


dN 
(29) eta T(R[0)N . 


Thus, after the ion has gone by the atom, the final ‘number N of ions left in 
the state which initially had N, ions is given by 


(30) in È 0) = 2 | r(RtE) di. 
à R(b) 


min 


This expression is a function of the impact parameter, b, and is thus averaged 
over b by 


Rmax 
N \ Ii ; N 
31 a a ee ee) Spa. = 
(31) i n iy. aa JL db | In E 0) 7 
and set, by definition, equal to 
- 
(32) = ln af == CL ICES 


TT = se 


where the average time of passage with uniform velocity v through a sphere 
of radius À. is 


‘max 


: da 
(33) it ss ri (==) ; 
3 v 


Eq. (31) defines an average transiti ; é i i i 
dA ) fi È an average transition rate <I>, which we will then consider. 
n performing the i rations BOE 
a Di | g tl RE SUNS of eq. (30) and (31), account must be taken 
of the fact that the ion-atom distance will not get less than some distance of 
closest approach, d,.,: We choose this distance 


(34) ee rhe 


m 
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as that ion-atom separation where the molecular potential turns positive 
(see Fig. 1, reference (17)). This assumes that the ion has very little kinetic 
energy compared to the depth of the molecular well. We choose the maximum 
separation 


(35) im | Saye 


as the average mid-point between two helium atoms in liquid helium (’) 
It should be noted, from eqs. (30) and (33), that the average transition 
rate (I> defined with these approximations does not depend on the velocity 
(i.e. an appropriate cross-section would go as 1/v). 

Then, we can summarize the results of the integration in eqs. (30) and (31) 
for various instantaneous rates (PR) by 


[TR)= A/R/a), A= ON a 


(36) I(R) = Bi(R]a)*, TY) =1.3 -10B 5-1 
T(R) = C|(R/a)!®*, <I> — 0.92-10-20 sx. 


7. — Discussion. 


By using eq. (36), we can define average transition rates for the various 
processes considered in Sect. 4 and 5. Thus, for the polarization capture 
process for a (K°, «)* ion in a pure nP state via the S-state, 


(37) (nS)> < 2-1011(n — 1/n) s. 


pol 
For the external Auger process, assuming statistical distribution and con- 
sidering only those transitions most favored by the selection rules (Al = — 1) 
and allowed by energy conservation, we get 


UIL D))) = 9 -105 gt 
CT (4 6) = 3-107 82 
ae 104 CIO 
(38) 
VERA 10) yn ~ 11-10% 571 
or (<20> )> ~ 1:1012 g1 
LED ~ 51083. 


Finally, the molecular-field Stark effect capture via S-state capture gives 


Lie) 
ni 
wo 


392 T. B. DAY 


(for m,= 0) 
(39) al 


Starx 


(nS capture, m,= 0)>)~ DI Fics =, 


while that via P-state capture did not depend on R,; 80 
(40) Tsiam:(nP capture, m= 0) set” I 


(The polarization capture process gives a roughly constant additional contri- 
pution to the S-state capture of eq. (39). The Stark effect, for m,=0, can 
mix levels with the nP state, from which polarization capture via the S-state 
can occur. This mixing requires an additional factor of (4(1/n)) to multiply 
eq. (37) in order to get the contribution to capture via S-states due to this 
process.) 

In general, the Stark capture rates of eqs. (39) and (40) for m,= 0 would 
have to be modified by some further factor which depended on the distribution 
of mesons in the levels of the atom, and on the directional properties of the 
electric field felt by the (K7, a) ion. Such a factor might be as high as 
(1/n) (2). However, two circumstances would seem to argue that the factor 
of (1/n), already necessarily incorporated in eqs. (39) and (40) because of the 
number of degenerate states involved in the Stark capture, is sufficient. The 
first is the fact that in liquid helium, positive ions lead to large clusters due 
to polarization forces (22). This gives rise to weak electric fields whose directions 
change rapidly, which then destroys the Am, = 0 selection rule for the ordinary 
Stark mixing. The second circumstance arises in the initial capture of the K - 
meson by helium atom. For, when this occurs, angular momentum barriers 
seem to prevent anything like a statistical distribution of mesons for the high 
l-states, but rather, favor the population of low and intermediate angular 
momentum sublevels (see, in particular, Fig. 2 of reference (5)). This kind 
of population will be accentuated by Auger transitions (2). This has the 
effect not only of changing the factor (1/n) incorporated in eqs. (39) and (40) 
to something like (2/n), but also of decreasing the estimates of the Auger 
rates, which were given in eq. (38) for a statistical distribution (?4). 

If we restrict ourselves to the very high initial values of n, n~ 20-30, 
then clearly, by comparing the rates given by eq. (5) with those given by 
eqs. (37)-(40), radiation does not play any significant role. This leaves three 


(22) G. CARERI, U. FasoLi and F. S. GAETA: Nuovo Cimento, 15, 774 (1960); 
K. R. ATKINS: Phys. Rev., 116, 1339 (1959); L. Meyer and F. Rerr: Phys. Rev. Lett., 
5, 1 (1960). 

(23) M. DEMEUR: Nucl. Phys., 1, 516 (1956). 

(21) The dipole matrix elements involved in the external Auger rates increase with 
increasing / for fixed initial and final principal quantum numbers. See ref. (11), p. 264. 
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competing channels to consider: the external Auger process, which de-excites 
the ion to lower n-values without necessarily putting the meson in an S-state; 
the direct capture from S-states via the mixing of levels due to the molecular- 
field Stark effect (as well as due to a mixing into the nP state followed by a 
polarization capture process); the direct capture from P-states via the mixing 
of levels due to the molecular-field Stark effect. By comparing the rates of 
egs. (37)-(40), and by making some allowance for the clustering and initial 
meson distribution discussed in the paragraph immediately above, we see 
that for n~ 20--30, the S-state capture via the molecular-field Stark effect 
will be ~ 10 +50 times faster than the nearst competing process, the external 
Auger process. However, for lower n-values, i.e. n ~ 10, all the processes 
(except radiation) become comparable, and the capture from the nP-state 
via the Stark effect begins to become dominant. This is due to the different 
behaviour with n of the Stark capture from nS- and nP-states. It is in contrast 
with the hydrogen case, where there is no nP-state capture via S-wave inter- 
action with the nucleon, only capture via the much smaller P-wave interaction; 
and in contrast to the deuterium case of footnote (21), where the behaviour 
with » of the Stark capture from nS- and nP-states is the same, and the 
rate for nP capture is always smaller. 


8. — Conclusions. 


We see, then, that while the result is not as conclusive or convincing as 
for the case of hydrogen studied in reference (1), it does indicate that when 
K -mesons stop in liquid helium, S-state capture will predominate. Just as 
for hydrogen, this result could be checked experimentally by an absence of 
mesic X-rays from the stopping K -mesons. 

Direct use can be made of this S-state capture in a way similar to that 
for determining the X* spin from K~-mesons stopping in hydrogen (*). For, 
when K~-mesons are captured by He, they can form the hyperfragments 
‘He, and *H,. These in turn can undergo a two-body mesic decay. 
By knowing that the K~-meson was captured from an S-state, a study of the 
angular distributions of these decays can determine the spin of the hyper- 
fragment. Then, if the spin of the ‘He, or ‘H, turns out to be zero, the 
experiment of Block, et al. (2°) determines directly that the relative K-A° 
parity is odd. 


(25) M. M. BLocK E. B. Brucker, I. 8. Hueuess, T. KixucHi, C. MeLTzE, F. 
ANDERSON, A. PEVSNER, E. M. HARTH, J. Leiryer and H. 0. Conn: Phys. Rev. 
Lett., 3, 291 (1959). We are indebted to Professor M. M. BLOCK for repeatedly empha- 
sizing to us the importance of the S-state capture problem in helium. 
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for his continuing and helpful interest. 


RIASSUNTO (’) 


Si esaminano alcuni processi atomici e molecolari che avvengono quando i me- 
soni K~ si fermano e vengono catturati nell’elio liquido. Si mostra che quando il me- 
sone K~ è nei suoi stati atomici di alta eccitazione iniziale, la cattura nello stato S 


è predominante. 


(*) Traduzione a cura della Redazione. 
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(La responsabilità scientifica degli scritti inseriti in questa rubrica è completamente lasciata 
dalla Direzione del periodico ai singoli autori) 


Radiative Corrections to Pair Production at High Energies. 


K. Mork and H. OLSEN 


Fysisk Institutt, Norges Tekniske Hégskole - Trondheim 


(ricevuto il 6 Giugno 1960) 


Recent measurements on the absorp- 
tion of high energy photons in various 
elements (1) seem to indicate a deviation 
from the theory of Davies, Bethe and 
Maximon (2) of the order of one or two 
percents. It therefore becomes necessary 
to include into the theoretical consid- 
erations the radiative 
to the pair production process to the 
order e?. 

Previously expressions for the radia- 
tive corrections to the differential cross 
sections of pair production and brems- 
strahlung have been derived by Fomin (°), 
by Mitra et al.(*) and by Mork (5). 
The formulae are however so complicated 
even in the high energy approximation 
that the angular integrations become 
extremely difficult. 

In order to avoid some of these 


also corrections 


(1) E. -MALAMUD: Phys. Rev., 105, 687 
(1959), who also gives references to previous 
experiments. 

Qiks Divine, ERA Barman and CUS. 
MAXIMON: Phys. Rev., 93, 788 (1954). 

() P. I. Fomin: Zurn. Exp. Teor. Fiz., 35, 
707 (1958) translation Soviet Phys., 35, 491 (1959). 

(4) A. N. MITRA, P. NARAYANASWAMY and 


L. K. PANDE: Nucl. Phys., 10, 629 (1959). 
(5) K. MoRK: Diploma work, Trondheim 
(unpublished). 
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complications we have used the method 
of virtual quanta (5) to calculate the 
radiative corrections to the spectral 
distribution of pair production and 
bremsstrahlung and to the total pair 
production cross section. It is simplest 
to consider the bremsstrahlung process 
and convert the results to pair produc- 
tion using the well known substitution 
law. There are two ways in which the 
radiative corrections enter, namely in 
the final state scattering of the emitted 
photon and as an increase of the number 
of virtual quanta. The first effect is 
taken into account by introducing into 
the semi-classical radiation formula the 
cross section for the radiative correction 
to the Compton effect given by Brown 
and FEYNMAN (7) in the same manner 
as WILLIAMS and WEIZSACKER (5) origi- 


nally introduced the KLEIN-NISHINA 
cross section. 
The increase of the number of 


virtual quanta is due to the vacuum 
polarization of the nucleus and gives a 
change in the form factor of the Bethe 


(5) E. J. WILLIAMS: Kgl. Danske Videnskab. 
Selskab, 13, 4 (1935); C. F. v. WEIZSACKER: 
Zeits. Phys., 88, 612 (1934). 

(7) L. M. BROWN and R. P. 
Phys. Rev., 85; 231 (1952). 
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Heitler cross section (8). This part of 
the cross section has been calculated 
exactly and has been shown to be 
negligible. 

The contributions to the radiative 
corrections from the diagrams of type @ 
and from type b for ky < lmax where max 


P, 
k 
p 
a) È 
ky 
b) 
Fig. 1. 


is the smallest value of the additional 
final state quantum k, which is detect- 
able, give the total pair 
cross section 


production 


(8) W. HEITLER: The Quantum Theory 
of Radiation (New York, 1954), third edition, 
Dp. 256. 


where 


e2 
fo 67.47 3.88 inks) 
i al 1 
= {1.74 + 0.90 In (26) | oe 


o, is the Bethe-Heitler cross section 
including the Conlomb correction of 
Davies, Bethe and Maximon (?). lo 
is here given in the system of reference 
in which the electron is at rest. In the 
present high energy approximation 6 is 
independent of screening. 

In the measurements of the absorbtion 
of photons also processes of type b 
with the emission of a high energy 
photon give contributions to ò of the 
order e2. The differential cross section 
is again rather complicated (5). The 
total section is being studied 
using methods analogous to the present 
calculations. 

More detailed calculations together 
with spectral distributions will be given 
elsewhere. 


Cross 


*X * * 


We are greatly indebted to Dr. 
E. MaLamup for information concerning 
his experiments. 
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Evolution in General Relativity. 


W. ISRAEL 


Mathematics Department, University of Alberta - Edmonton 


(ricevuto il 7 Luglio 1960) 


In a recent paper, Bonnor (!) has given some interesting examples of fluids 
in general relativity whose evolution in time is indeterminate. One of these examples 
suggests the possibility of a continuous transition from flat space-time to the 
expanding universe of Einstein-de Sitter. 

We should like to make a few remarks concerning these examples, and we begin 
with a brief résumé of Bonnor’s results. 

Bonnor bases his models on certain special forms of the Robertson-Walker 
cosmological line-element 


t 
(1) ds? — exp [gt] (da? + dy? + de?) — dé, r2 = Ly + 2, k= const. 


(1 ++ k/4r2)? 


As is well known (?), the field equations G,,= — 87, applied to (1) yield an 
energy tensor corresponding to a perfect fluid, with pressure p and energy density 0 
given by 


(2) Sap = —kexp[—g()]-g—29, 
(3) 87g = 3kexp[—glt)] + 39°. 


Bonnor’s general idea is to choose 


gilt), BED: 


(4) OA 0: 


where g,(t), g.(t) are two different functions, analytic for {<< 0 and # > 0 respectively, 
and satisfying 
g,(0) = lim g(t) , gy”(0) = lim 93° (t) 5 CARPE 0): 
t->0* t—07 


() W. B. Bonnor: Journ. Math. and Mech., 9, 441 (1960). 
(2) R. 0. TOLMAN: Ielativity, Thermodynamics and Cosmology (Oxford, 1934). 
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For his first model, Bonnor takes k—0 and 


(50) g(t) = #4 log (1+ at” exp [— b/t]), A 


The metrics associated with (5a), (5b) link up at t=0 with continuity of gix; D; @ 
and all their derivatives. The constants b, m can be chosen so that (1) approxi- 
mates to the Einstein-de Sitter line-element (?) for large t. We are thus confronted 
with a model of space-time, flat and empty for negative t, which at t=0 « branches » 
smoothly into an expanding, matter-filled universe. 

The model (5) leads to negative pressures for small, positive 1, although (as Bonnor 
points out) the period of duration of negative pressure can be made arbitrarily 
small by adjustment of the constants. Bonnor gives a similar but more elaborate 
model which exhibits the same « branching » at t=0, and in addition satisfies 


(6) 0<p<so- 


How does the indeterminacy in these models arise? It should be noted first 
of all that the evolution of a perfect fluid is not completely fixed by the gravitational 
field equations alone; one additional equation is needed to make the problem deter- 
minate. For a simple fluid in isentropic flow, this equation takes the form 


(7) S(p, 0) = const, 


where S is entropy, and S=S(p, o) the equation of state. The equation of state 
implicit in a model of the type (4) is obtained by eliminating ¢ between (2) and (3) 
and its form in general differs for { < 0 and for {> 0. However, from the physical 
point of view the equation of state is a characteristic relation whose form for a 
given fluid is fired once and for all. In general, therefore, (4) does not yield a phys- 
ically satisfactory description of the evolution of a simple fluid. 

This objection is not applicable to a fluid mixture of two or more components 
which can interact with each other. In this case the system possesses additional 
internal degrees of freedom, the relation (7) is no longer valid, and without further 
information the evolution of the fluid is indeterminate. The « branching» of such 
a system at time #=0 can be attributed to an internal reaction beginning at this 
time. In the category of fluid mixtures we may include expanding cosmological 
models admitting creation of matter and negative pressures. According to an idea 
of PIRANI (3). these models can be thought of as interacting mixtures of matter 
and «gravitinos » (i.e. particles of zero rest-mass and negative energy). 

The objection also does not apply to models, such as (5), which evolve from 
a flat space-time. The conditions p—0, o—0 existing in such models for negative # 
are clearly compatible with the equation of state derived from any incomes of 
the form (1) for {> 0, so long as that line-element tends to flatness when ¢— 0. 

Let us examine models of this latter type a little further. We have already 
noted that the model (5) does not satisfy the physically necessary conditions (6) 
This leads to the question: is there a Robertson-Walker cosmological model ui 


(8) F. A. E. PIRANI: Proc. Roy. Soc., A 228, 455 (1955). 


3622 


EVOLUTION IN GENERAL RELATIVITY 399 


evolves from à flat, empty space-time at t=0, and satisfies (6) for all positive #? 
So that our discussion should apply to models of the type considered by BonNnor, 
we shall not assume analyticity for t=0. Mathematically the problem can then 
be formulated as follows: is there a line-element of the form (1), analytic for t > 0, 
which satisfies (6) and the initial conditions 


lim gig = Mir » limp=0, limo=0? 


tot t+07 t->0+ 


(7, is the Minkowski tensor of flat space-time). 

The condition of flatness as {0 requires that k—0. Assuming 90 almost 
everywhere in some open interval to the right of t=0 (*), the inequalities (6) are 
equivalent to 


si + 
Ihe CAFE <= ados 
0 3 
or, using (2) and (3), 
Lol al 
8 We RE IO à 
(8) dig 3 ee 


But, by (3), g tends to zero with 9 when t+>0. This contradicts (8). Hence, no 
matter-filled cosmological model satisfying (6) can evolve from a flat space-time. 

Finally, a remark on the general problem of predicting the evolution of a simple 
fluid, subject to (7), from given initial values of g,,, 09/02", Vip and o (cf. (4)). 
Granting the existence and analyticity of the solution to this Cauchy problem, it 
is not difficult to show that it is unique (apart from the freedom permitted by 
co-ord nate transformations) if the assigned values of 9 and p on an initial space- 
like hypersurface satisfy 


e+p#0. 


If we exclude negative pressures as inadmissible, the only possibility of indeter- 
minacy arises when 0=0, p=0 initially. This is the case we have already studied 
in connection with the special line element (1) (*). 

To sum up, it appears that fluid-models of the type contemplated by Bonnor 
and satisfying normal physical requirements are only possible if there is an indeter- 
minacy in the thermodynamical state of the system, as may happen, for instance, 
in the case of a mixture of two or more fluids whose mode of interaction is left 
arbitrary. 


(*) The alternative possibility for a continuous function o is that o—0 is some interval 0<t<h< 
As we may easily verify from (2), (3) this leads to the trivial result that space-time is flat for f>0. 

(*) Y. FOURES-BROUHAT: Compt. Rend., 246, 3319 (1958). 

(*) If the form of the line-element is given a priori as in (1), the problem may yield a unique 
analytic solution for a simple fluid even when 0= 0, p=0 initially. If k=0, if g(t), p, 0, vanish 
for t=0 and if the equation of state p = f(0) is analytic then (2), (3) show that flat space-time 
is the only possible solution analytic for # > 0. This result is independent of the validity of (6). 
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The Fragmentation Probabilities 
ef Fast Heavy Cosmic-Ray Primaries in Teflon. 


F. A. BrisBoUT, C. F. Gav 


Lp and C. B. A. McCUSKER (*) 


F.B.S. Falkiner Nuclear Department, School of Physics, 
University of Sydney - Sydney 


(ricevuto il 18 luglio 1960) 


1. — Introduction. 


In order to extrapolate the charge 
spectrum of heavy primary cosmic rays 
to the top of the atmosphere, the frag- 
mentation probabilities in air must be 
determined. Estimates of fragmentation 
probabilities in nuclear emulsions have 
already been made (15). The question 
however arises as to whether these are 
the same for the light target nuclei 
(N, 0) of the atmosphere. For this 
reason a sandwich stack of nuclear 
emulsions and Teflon (C,F,), sheets was 
exposed and the fragmentations occur- 


(*) Also supported by the Nuclear Research 
Foundation within the University of Sydney. 

(*) P. H. Fow rer, R. R. HILLIER and 
C. J. WADDINGTON: Phil. Mag., 2, 239 (1957). 

(2) R. CESTER, A. DEBENEDETTI, C. M. Ga- 
RELLI, B. QUASSIATI, L. TALLONE and M. VIGONE: 
Nuovo Cimento, 7, 371 (1958). 

(3) M. KosHIBA, G. SCHULTZ and M. SCHEIN: 
Nuovo Cimento, 9, 1 (1958). 


(4) W. PusCHEL: Zeits. Naturfor., 13a, 
301 (1958). 
(5) V. Y. RAYOPADHYE and C. J. Wap- 


DINGTON: Phil. Mag., 3, 19 (1958). 
(5) E. LOHRMANN and M. TEUCHER: Phys. 
Rev., 115, 636 (1959). 


ring in nuclear emulsion were compared 
with those taking place in the Teflon, 
which has an average Z very close to 
that of the atmosphere. 


2. — Stack design. 


The central portion of the stack con- 
sisted of 23 alternate sheets of Ilford G-5 
emulsion (400 um thick), and Teflon 
(500 um thick). This was bounded on 
each side by 14 sheets of G-5 emulsion 
(600 um thick). The purpose ot the 
latter was to enable charge identifications 
to be made before the heavy primaries 
entered any photographically insensitive 
portion of the stack. Teflon (CF), con- 
tains nuclei whose atomic weight is close 
to those of the chief elements of the 
atmosphere and is of sufficiently high 
density to make tracing back compar- 
atively easy. 


3. — Scanning procedure. 
The two outermost plates were area 


scanned, whilst the top edges of all the 
600 um emulsions were line scanned for 
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heavy-primary tracks satisfying the fol- The first constant «a» was inde- 
lowing criteria: pendently determined by counting pseudo 
i : ; è rays along a bifilar hair line. A further 
1) Blob density > 70 grains/100 um. : = es 6 
: check was made against the reaction 

2) Length per plate > 2 mm. 


C>3a: 


Charge identification. 


| Analysis of fragmentations. 
Blob-density and 5-ray-density meas- 


urements were made on each track and In the case of fragmentations oc- 
a charge spectrum was obtained for the curring in Teflon, the expected position 
point of entry into the sandwich section of the heavy-primary track in the next 
of the stack. Measurements on every emulsion sheet was carefully scanned 
5th track were remade to check for until all the fragments of Z > 2 were 
consistency. Similar measurements by accounted for. This required scanning 
the same observer were made on the an area sufficiently large to include at 
same tracks leaving the sandwich sec- least all «-particle fragments emitted 
tions. Any observed differences were with an angle of 10-1 rad. Owing to 
investigated, thus locating the fragmen- the relatively large path length which 
tation in the Teflon sheets. Readings of | each heavy primary must travel through 
different observers, and of an observer the stack, the heavy primary particles 
at different times, were kept standard- selected were of sufficient energy to 
ized by frequent countings on known - satisfy this angular criterion. 
«standard » tracks. 


7. — Results. 


5. — Charge calibrabration. 
: The results are given im Table I 


The Ns versus Z curve was cali- which shows the «fragmentation prob- 


brated using the reaction abilities » for the production of various 
types of secondary from various types 

B+hli+a, of primary for collisions in both Teflon 

and emulsion. These numbers are not, 

and the relationship strictly, probabilities but rather the 
average numbers of a given type of 

N=a+bZ. particle produced in a given type of 


TABLE I. — Giving average numbers per interaction for various products and primaries 
for emulsion and Teflon. 


4 | 
Type of | | | 
| La LD Ma | ML MM He | HL | HM | HH 
e: | | 
| 
SRI | se i = 
Emulsi 39 | Sa Lo 94 | i 18 E Lg ee 
SES pe ioe [7a stir iy. AS. | 838) 8 
3 VOOR ar ig A 
OU a 22 Sei Del panel ee 
| 
| | | on | | 6 IF 
= 26 - Il Nuovo Cimento. 
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interaction. The usual definition of the 


terms L, M and H are used, namely 
that L nuclei are those with 3<Z<5, 
M. those with 6<Z<9, and H, those 
with Z>10. The table gives the actual 
number of events and secondaries and 
their ratio as a decimal fraction. 


8. — Discussion. 


The results for emulsion in Table I 
may be compared with those of other 
workers summarized in the recent paper 
of LOHRMANN and TEUCHER (°). It will 
be seen that within the limited statistical 
accuracy of this experiment they are in 
good agreement. The results for Teflon 
may be compared with those for «light » 


GAULD, and Cc. B. A. 


MCCUSKER 


nuclei of the emulsion given in 
within the 


target 
the same paper and again, 
statistical errors, there is good agreement. 
Thus, this experiment, using a material 
which is a very close approximation both 


in individual and average Z, to the 
atmosphere justifies the belief that 


« fragmentation probabilities » obtained 
from a study of collisions with N,<1 
in emulsion are in close approximation 


to those oceurring in the atmosphere. 
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Structure of Leptons and Mesons. 


G. ROSEN (‘) 


Institute for Theoretical Physics - Stockholm 


(ricevuto il 4 Agosto 1960) 


This paper reports a quantum theory for the structure of leptons and mesons. 
The quantum theory is presented in axiomatic fashion without recourse to a clas- 
sical Hamiltonian theory. 

The state vector of a lepton or meson is written 


(1) p — Wext Wint ? 


where y, and y;,, are the external and internal states of the particle. The external 
state Pext=Yext(x) can be represented by a set of complex-valued functions of the 
space-time co-ordinates a=(x},%y, 3, 3): Yu Satisfies a well-known wave equation 
for a lepton or meson of a given mass and spin. Similarly, the internal state 
Vin=Vm(E) can be represented by a set of complex-valued functions of four real 
(dimensionless) internal co ordinates £—(£,, &. &;, &,). The space-time co-ordinates x 
and the internal co-ordinates & are mutually independent variables. Not subject to 
space-time transformations and therefore Lorentz invariant scalars, the momenta 
conjugate to the &’s define the structural observables of the particle: 


d 
Lepton number N;,=—i—, 
0&, 
no 
Strangeness number NA ge 
S2 
(2) Spi a d ) 
2 Spin sa +} ; 
2e, 
Electric cl ) & + 
Ylectric charge q = —ie|— x 
9 1 DOME 
Ana 
Mass m = My 3 : 
0&4 


(*) National Science Foundation Postdoctoral Fellow. 
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A physically admissible y, Which is also a simultaneous eigenstate of the 
observables defined by eqs. (2) characterizes a single lepton or meson. Physically 
admissible internal states are determined by a subsidiary condition and a wave 
equation, relationships formulated in the following paragraphs. 


4. — Subsidiary condition. 


The subsidiary condition involves the internal co-ordinates &,, &, §3 symmetrically, 


and £, makes no appearance 


(3) (4/4 Dum = 0, 
where 
(4) A= WVU, 
3 2 
(5a) i = oF 9 
2 dË, 
3 le) 
(5b) Vad E 
> CIS 
3 0 
(5c) W= ŸS €, —. 
2° dÉa 


In eq. (4) V-1 denotes the formal inverse of the differential operator defined by eq. (5b). 
There is a similarity between the subsidiary condition (3) and a Helmholtz 
3 
equation, obtained if A’ in eq. (3) were replaced by A = > 02/08. Both A’ and A 
@=1 
have the same homogeneity with respect to (&, &, Sa); this fact is expressed by the 
commutation relations 


(6) [W, A'1= — 24, [W, 4A1]= —24, 


in which W is defined by eq. (5c). Moreover, for a function f which is analytic 
Tht, Bas Bao Es iene neighborhood of the origin, it follows that 


n on ee Oe eA il Ba 
(7) NeW Vas SL Di i | fist) = 


ab =1 OFF, dÉ, £=0 


a 3 of (38 © 3 2 
- w-(> | Et... |= W È - 
at T | VW ee, (Fa In Saale =) X | e2 


Thus, 4’ acts like A in the neighborhood of the origin, 


(8) (A'fhe-o= (Afe-o- 


The subsidiary condition (3) assumes a more tractable form with the elimination 
of the integration operator V-1. Applying the operator V to eq. (3) and using the 
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commutation relation derived from eqs. (5b) and (5c), we find that 
(9) (WU— U+ V)pint = 0. 


Finally, by putting eqs. (5) into eq. (9), we obtain the subsidiary condition in its 
most useful form 


3, a ae 
(10) D So È E = +> & E Wint 0. 


2. — Wave equation. 


The wave equation is 
4 o? } 
(HET) DI Anzi +1) Ye = 0, 
De 


in which the four A’s are matrices. An algebra for the A’s is defined partially by 
the system of equations 


Mle, Ake (LA) == 07, 
(12) (4s) Oe (A,2=1, 
| [ana 


in which square brackets denote commutators and curly brackets denote an anti- 
commutator. In order to complete a specification of the A-algebra, it is convenient 
to introduce an auxiliary matrix A,; the latter matrix squares to zero 


(13) aio 


and has the following anticommutators with the original A’s: 


Ho: Ai} = Ay, {Ag Ashe Oe 
(14) 
pesco been 


The fine structure constant «=e?/he=(137.04)-! enters the theory in a fundamental 
way, fixing the anticommutator {4,, A,}. Finally, the A-algebra is closed by spec- 
ifying the commutation relations 


ARA, 


Are 
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Note that the wave eq. (11) and the A-algebra, as well as the subsidiary condition (3), 


are preserved under the transformation 


(16) Sy; 


Wint 7 int » 


where S is a non-singular 


There is no one-dimensional representation of the A-algebra. 
representations are deduced by working first with eqs. (12), (13) and (14). 
straightforward analysis Shows that (0) 


an S-transformation (16), 


in which À, and 1, are arbitrary complex num 
into eqs. (15) produces the conditions 


(18) 


with the solutions 


(19) 


The lepton-meson representation of the 
conditions 


(20) Tr (A) =2, 


and obtained from eqs. (17) and (19) by tak 
so that 


(21) AZ 350 


2 pe > SEAL, SE A NZ — 0 to 4], 


matrix of constant elements. 


The two-dimensional 
To within 


UP of 
A= | 
: \ À 


bers. Substituting the representation (17) 


24 = EIZO, 


VE ox + od. 

A-algebra is characterized by the trace 
Iozin) << O 

ing the negative square-roots in eq. (19), 


Pl) 00e 


Other representations of the A-algebra will be discussed n a subieq: ent paper. 
The wave equation is stated in a useful form by substituting the matrices of 


eqs. (17) into eq. (11) 


CE CE 7 
rash a 
Gi ; ET 
(22) 
ESS ; E to a a? 
D DER Obs a OF Toei 


(*) A trivial representation, for which 4, = 0 


Yint = 0 - 


, is ignored. 
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3. — Lepton-meson states. 


Solutions to the subsidiary condition (10) and the wave eq. (22) can be written 
as a linear superposition of simple waves 


4 


(23) Wint = (const) exp [i > N,é,], 


u=1 


in which the four V’s are constants. The subsidiary condition (10) applied to eq. (23) 
requires that 


3 3 3 


(24) D =. IND DI È Ni <a DI ee Ne = 0 2 


a=1 b =1 a=1 
This relation must be satisfied identically for all values of £,, &, €,, and thus we have 


(25) LONEN EAN NG) NO, 02 [a, b = 1, 2, 3]. 


The diagonal part of eq. (25) restricts each N, to the values +1, —1, or 0. The 
off-diagonal part of eq. (25) excludes solutions with two of the N, equal to +1 
or with two of the N, equal to —1. All solutions to eq. (25) are listed in the Table. 

By substituting the form (23) into the wave eq. (22), we find the determinantal 
condition 


MEN atk Nee I Sah 
(26) 1 N2 T2 T2 T2 . 72 0 
\-&Ni— A N° Ni — Ni —idA,N3+ 1 
which reduces to 
= 72 1 +2 dy 72 / 1 72 i ie 2 72 2 274 i 
(27) Ny=— Mi+ mt) +) LMI SEM) + 194 eat. 


Here we have taken the positive square-root, for if the solution stated by eq. (23) 
is to remain bounded as £,-> + co, N° must be non-negative. A special case arises 
if Nj=Nj=1 and N;—0, for then the negative root is also admissible, and we have 
the extra solution 


(28) Nî=0 [for Ni = Nî=1, Nî=0]. 


Values of N° associated with each set of admissible (N,, N,, N,) are listed in the Table. 

The eigenvalues of spin, electric charge, and mass, defined according to eqs. (2), 
fill the remaining columns of the Table. Each row in the Table is labeled with 
the appropriate lepton or meson symbol. The muon is assigned a strangeness 
number +-1. Also note that the extra solution in eq. (28) (in parentheses in the 
Table) admits a massless muon. No other undiscovered lepton or meson is pre- 
dicted by the theory, and the theoretical eigenvalues for the well-established par- 
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ticles agree with experiment. The theoretical mass spectrum is certainly accurate 
to within 3 of 1%. More refined experiments will determine the precision of the theory. 


Table of lepton-meson states. 
—r— == =" —— === = = = Sn === 7 — — = — — 
Solu- | = DE st | ming 
fou ES be eyes N° 16) ak x RE: (=(.003771)* 
| label (=N)|(= 2) (=> 1) (= a+ 3) (=Na) m/M x) | 
SPO RICA i a) 0 | Oy | 
\— | | 0 L | 0 0 
v° 2A 0 0 | 00 | 
CEE PE ice! LIN 2 | | 
=. | 06141 a ROOT 1 | 
ci O ba | gi | | 
AE | 0 | .8859 Spor 208 LEE 
Re | | 1 | 
| | 2 e | | 
u -1 | +1 0 (0) ASTRA NARO) (0) 
aa a | 
| | 
TO 0 | 0 0 1 0 0 | 1 265.2 
— ate = 
tt 0 Ov a | | +1 | 
= LOL OM 1.052500) 274.3 
a 0 0 | —1 | | ui 
= OM 0 | 243 tay | 
| - 11.9096 | 0 Se | 0400 967.1 
(a 0 —1 0 | — 1] | 
| 
vr a | 1 
| 0° 0 | +1 — 1 | 0 
= | “n —| 1.9237 0 ——}| 3.7005 981.4 
e | 0 | —1 | +1 0 
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